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Abstract 

We use the boundary triplet approach to extend the classical concept of 
perturbation determinants to a more general setup. In particular, we 
examine the concept of perturbation determinants to pairs of proper ex- 
tensions of closed symmetric operators. For an ordered pair of extensions 
we express the perturbation determinant in terms of the abstract Weyl 
function and the corresponding boundary operators. A crucial role in our 
approach plays so-called almost solvable extensions. We obtain trace for- 
mulas for pairs of self-adjoint, dissipative and other pairs of extensions and 
express the spectral shift function in terms of the abstract Weyl function 
and the characteristic function of almost solvable extensions. 

We emphasize that for pairs of dissipative extensions our results 
are new even for the case of additive perturbations. In this case we 
improve and complete some classical results of M.G. Krein for pairs of 
self-adjoint and dissipative operators. We apply the main results to 
ordinary differential operators and to elliptic operators as well. 
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1 Introduction 



The perturbation determinant (perturbation determinant) was introduced and 
used by Krein in (4TJ [42J E3 HH @5]. Independently from Krein it was also 
introduced by Kuroda in |47j . The perturbation determinant is an important 
tool to study the spectral shift function for pairs of self-adjoint operators [7, 
[5J 2U [331 ES] as well as for non-selfadjoint operators [55]. Moreover, it was 
also used to analyze certain other properties of non-selfadjoint operators as 
the completeness of the root vectors etc, cf. [42j[43]. Recently, perturbation 
determinants in application to Schrodinger operators were studied in [271 Ell EFJ 
EIHEHlESlGQllHI]- The properties of perturbation determinants are summarized 

in PUGS 

A perturbation determinant relates a scalar- valued holomorphic function to 
an ordered pair of closed linear operators {H ' , H} defined on some Hilbert space 
$). In the simplest case if H' and H are bounded operators such V := H' — H 
is a trace class operator the perturbation determinant is defined by 

A H , /H (z):=dct(I + V(H-z)- 1 ), z€p(H). (1.1) 

Obviously, the definition extends to unbounded operators H' and H if 
dom(iJ') = dom(i?) and V := H' — H is a trace class operator provided the 
resolvent set p{H) is not empty. In [331 [35] Krein has introduced a class S of 
pairs of densely defined closed operators {H',H} given by 

(i) p(H') n p(H) is not empty, 

(ii) dom(F') = dom(if), 

(iii) (H' - H){H - z)- 1 e 6i(io) for z G p{H). 

to which the definition (|1.1[) can be extended. Pairs {H',H} of densely defined 
closed operators satisfying the conditions (i) and (ii) are called regular in the 
following. Therefore, Krein's theory of perturbation determinant makes sense 
for regular pairs of operators. 

However, non-regular pairs {A' , A} naturally appear in consideration of 
boundary value problems for differential operators. For instance, any pair 
{A' , A} of different proper extensions of a densely defined closed symmetric 
operator A is not regular: dom(A') = dom (A) if and only if A' = A. In the 
sequel a pair {A' 7 A} of closed operators is called singular if there is a densely 
defined closed symmetric operator A such that A' and A are proper extensions 
of A. The aim of the paper is to extended Krein's theory of perturbation deter- 
minants from regular to singular pairs. 

To do this there are several approaches. For instance (see [TU], [5S]) for a 
pair {H',H} of densely defined closed operators with the trace class resolvent 
difference the following concept of generalized perturbation determinant was 
proposed 

A H , /H (z,0 := det ((#' - z)(H< - ^(H - - z)- 1 ) , (1.2) 
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z E p{H) and £, € p{H'). However, this definition has few drawbacks. One of 
them is that it cannot be applied to boundary value problems. 

In the present paper we propose a new concept of generalized perturbation 
determinants by applying the technique of boundary triplets and the correspond- 
ing Wcyl functions (see Section [5] for precise definitions) . This new approach 
to extension theory of symmetric operators has been appeared and elaborated 
during the last three decades (see [H] [T5] HH [33] [49] and references therein) . 

Recall that a triplet IT = {H, r , where H is an auxiliary Hilbert space 
and To,ri : dom(A*) — > H are linear mappings, is called a boundary triplet 
for the adjoint A* of a symmetric operator A if the "abstract Green's identity" 

(A*f,g)-(f,A*g) = (T 1 f,V g)n-(Tof,r 1 g) H , f,gedom(A*), (1.3) 

holds and the mapping T := (r , Ti) T : dom (A*) — > H. © H is surjective. 

A boundary triplet II = {H, Tq, Ti} for A* always exists whenever n + (A) = 
ri-(A), though it is not unique. Its role in extension theory is similar to that of 
a coordinate system in analytic geometry. It leads to a natural paramctrization 
of the set Ext^ of proper extensions A of A (A C A C A*) by means of the 
set C(H) of linear relations (multi- valued operators) in H, see [33] and [16] for 
detailed treatments. In this paper we consider only the case of boundary relation 
9 being be the graph gr (B) of a closed linear operator B in "H, i.e. assume that 
the extension A is given by 

Ab '■= A* \ kcr (I\ — BTq). (1.4) 

In this case the extension parameter is often called the boundary operator. 

The main analytical tool in this approach is the abstract Weyl function M(-) 
which was introduced and studied in [16] . This Weyl function plays a similar 
role in the theory of boundary triplets as the classical Wcyl-Titchmarsh function 
does in the theory of Sturm-Liouville operators (see [TU [TCI EH EI]). 

This approach to the perturbation determinant for singular pairs allows to 
express it in terms of the Weyl function [T5] [T6] [19] and the corresponding 
boundary operator. 

Definition 1.1. Let A be a densely defined closed symmetric operator in Sj, 
let IT = {T-L,T ,Ti} be a boundary triplet for A* and M(-) the corresponding 
Weyl function. We say that the ordered pair {A', A} of proper extensions of 
A belongs to the class D n if A' and A admit representations (|1.4[) with closed 
boundary operators B' and B, respectively, and the following conditions are 
valid 

(i) the set {z g p(A a ) : e p(B - M(z))} is not empty, 

(ii) dom(S') = dom(B), 

(hi) (B' - B)(B - M(z))- 1 e 6i(i5) for z G p(A ) obeying € p(B — M{z)) 

where Ao is a self-adjoint extension of A given by Aq := A* \ ker(ro). If 
{A' , A} € £* n , then the scalar-valued function 

&jr,Mz) := det(J« + (B' B)(B M(z))" 1 ) (1.5) 
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defined for all those z £ p(Aq) satisfying £ p(B — M(z)) is called the pertur- 
bation determinant of the pair {A', A} with respect to II. 

In the following we verify that the so defined perturbation determinant 
A~^~(-) fulfills all standard properties of Krcin's perturbation determinant 

listed in Appendix |B1 see also [65l Chapter 8.1.1]. 

The definition of the perturbation determinant for proper extensions depends 
on the chosen boundary triplet II. However, it turns out that if {A' , A} £ D n 
and {A', A} £ £) n , then the perturbation determinants A*~ ~(z) and A~ ( ~{z) 
differ only by a multiplicative complex constant. Hence, the definition of the 
perturbation in the sense of Definition 11.11 does not depend so much on n as it 
seems to be at first glance. 

Further, the natural question arises whether for two extensions A' and A of 
A satisfying 

{A 1 -z)~ x -{A-z)- 1 £ Gift), z £ p(A') n p(A). (1.6) 

there is always a boundary triplet II for A* such that {A', A} £ £) n . We show 
that this holds if A is almost solvable, cf. Section [3J 

The most simple expression for the perturbation determinant we obtain if 
the symmetric operator A has finite deficiency indices n + (A) = ri—(A) < oo. 
Namely, in this case, as an immediate consequence of Definition 11.11 we arrive 
at the following formula for the perturbation determinant 

For instance, let A := A m - m be a minimal symmetric operator generated in 
L 2 (M + ) by the Sturm-Liouville differential expression 

£ = -D 2 + q, q = qell oc [0,oo), 

assuming the limit point case at infinity. Let also Lj := A^^ j £ {1,2}, be a 
proper extension of A determined by 

dom(A hj ) = {ye dom(A*) : y'(0) = h jy (0)}, j £ {1,2}. 

Then 

, . m(z) — hi 

771 (z) — h\ 

where m(-) is the Weyl function corresponding to the Dirichlct extension. 

In the case of infinite deficiency indices n± (A) — oo wc consider proper 
extensions A', A £ Ext a satisfying p(A') n p(A) ^ and (^4 := A* \ ker (r )) 

(A'-ty'-iAo-Q- 1 6 6i(«) and (A - C)" 1 - (A - Q' 1 £ Gift) 

for ( £ p(A') n p(A) n C±. Then we can choose a boundary triplet II = 
{-H,r ,ri} for A* such that A' = A B >, A = A B with B',B £ C(H) and 
satisfying (B' - fi)~ l , (B - p)- 1 £ Si(H) for some p £ p{B') n p(B) n R. 
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Denoting by M(-) the corresponding Weyl function, we show that there 
exists a boundary triplet U = {H,f ,fi} for A* such that {A', A} e 
{A',A } e £ S and {A,^4 } S £ 5 , and the perturbation determinant A§. (•) 
admits a representation 

A I Mo ( z )= det ( / -(M- S )" 1 ('"- M ( z )))' (1-8) 
Combining this formula with similar formula for A 1 ! , . (z) and using the chain 

° A'/A y ' ° 

rule we arrive at the formula for A~, -{■) 

A'/A~( ^ ~ det(I — (/x - B)- 1 (fi - M{z))) ' Z6 " (i)flC± - (L9) 

If e p(B') n p(-B), we can put /i = in both formulas (fTTHf and (fL9]> . 

Formula (|1.9j) gives a desired extension of (|1.7|) to the case n±(A) = oo while 
it is also useful in the case n±(A) < oo (see Section r7T2"j) . 

Formulas $TT8j) and (JOJ) can be applied to boundary value problems for 
partial differential equations. For instance, consider the Schrodinger symmetric 
operator in a domain ft C K 2 with smooth compact boundary, 



A:=-A + q(x) = - s ^ + +q (x), q = q€C°°(Sl). (1.10) 



d 2 9_ 

dx\ dx\ 

Consider Robin-type realizations of the expression A, 



A (j j := A mllK \ dom {A aj ), 
dom(l CTj ) := {/ g H 2 (il) : GJ = *G f}, jG{1,2}, 



(1.11) 



and denote by Aq the Dirichlct realization of A given by dom(Ao) = {/ G 
H 2 (il) : Go/ = 0}. Here Go and Gi are trace operators, Gow := jqu := u|an 
and Giw := ^^(du/dv), u e dom(A max ). It is known that yl = (^4o)* and 
the realization A a , is closed whenever aj £ C 2 (dil) and self-adjoint if a is real. 

Denote by a j the multiplication operator induced by Oj in L 2 (dQ). As- 
suming that e p(^4(Ti ) H p(A cr2 ) fl p(Ao), we indicate a boundary triplet 
II for A max such that {A a ., Aq} € 2) n and the corresponding perturbation 
determinants A 1 -. (■) and A 1 !- (•) arc given by 

Aj /jlo («) = det L2(au) (J - (Ao,o(«) - A o , o (0))(a, - Ao.o(O))' 1 ) , j G {1, 2}, 
and 

.n n = dct L 2 (0O) (I - (A^ojz) - A , (0))(g 2 - A o , o (0))- 1 ) 

a„ 2 /a ct1 W dct L 2 (ao) (/ - (A ,o(z) - Ao,o(0))( a i - Ao^O))" 1 ) ' 
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z G p(A ai ) C\ p(A a2 ) C\ p(A ), respectively. Here Ao,o(-) is the Dirichlet to 
Neumann map restricted to L 2 (dVL) (see Section 6.3 for details). 

In a second part of the paper we use the definition of perturbation determi- 
nants to find trace formulas for extensions, in particular, for pairs of self-adjoint, 
accumulative and arbitrary closed extensions. 

The paper is organized as follows. In Section [5] wc give a short introduction 
into the theory of boundary triplets. Section [3] is devoted to almost solvable 
extensions. The properties of the perturbation determinant of pairs of proper 
extensions are investigated and verified in Section 2) Trace formulas are proven 
in Section[S] In Section[5]we compare the results with those ones of regular pairs. 
Finally, in Section [7] we given certain examples of perturbation determinants 
for partial differential operators. In the Appendix we have collected several 
results for the convenience of the reader which are necessary for proofs or for 
understanding. 

Notation. By and H wc denote separable Hilbcrt spaces. Linear op- 
erators in Sj or % are always denoted by capital Latin letters, for example by 
H, A, etc. By dom(A), ran (A) and p(A) we denote the domain, range and 
spectrum of A, respectively. The symbols <r p (-), a c (-) and oy(-) stand for the 
point, the continuous and the residual spectrum of a linear operator. Recall that 
z e Pc{H) if ker (H - z) = {0} and r an (H - z) ^ ran (H - z) = ft; z E oy(iJ) 
if ker (H — z) = {0} and ran (H — z) ^ S). 

The set of bounded linear operators from S)i to is denoted by [J5i,i52]i 
[$)] := [i^, Jo] . The Schatten-v. Neumann ideals of compact operators on a Hilbert 
space Sj is denoted by & p (Sj), < p < oo; in particular, 6oo(.f)) denotes the 
ideal of all compact operators in S). The set of closed linear operators and the 
set of closed linear relations in % is denoted by C('H) and C(H), respectively. 

C£(n), k G Z + U {oo}, the set of C fc -functions bounded in il with all their 
derivatives of order < k, C b (Cl) := C^(O); C*(n), k G Z + U {oo}, the set of 
C k -functions uniformly continuous in f2 with all their derivatives of order < k. 
C„(0) := C°(fi); C* t (n) := C*(n) n C ub (n) := C° 6 (0); H s (Cl) s g r, 

the usual Sobolev spaces. 



2 Preliminaries 
2.1 Relations 

For any linear relation in T-L the adjoint relation 0* G C(H) is defined by 

6* = | : (ti, k) = (h, k') for all W G ©j . 

A linear relation is called symmetric if C 0* and self-adjoint if = 0*. 
The relation is called dissipative if {h, h'} G yields Im (h' , ft.) > and accu- 
mulative if —0 is dissipative. If a dissipative (accumulative) relation does not 
admit any closed dissipative (accumulative) extension, then is called maximal 
dissipative or m-dissipativc (maximal accumulative or m-accumulativc) . 
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We usually consider C(H) as a subset of C(H) by identifying an operator 
T e C(H) with its graph gr(T). In particular, an operator T G C{W.) is called 
dissipative if Im ((Tf, f)) > 0, / € dom (T), and accumulative if Im (Tf, f) < 
0, / G dom(T). A dissipative operator T is called maximal dissipative (m- 
dissipative) if it does not admit any closed dissipative extension. 

2.2 Boundary triplets and proper extensions 

Let A be a densely defined closed symmetric operator in f) with equal deficiency 
indices n±(A) = dim(0T T4 ), W z := ker (A* - z). 

Definition 2.1. 

(i) A closed extension A of A is called a proper extension, in short A € Ext a, 
if AC AC A*; 

(ii) Two proper extensions A', A are called disjoint if dom(A') n dom (^4) = 
dom (A) and transversal if in addition dom (A') + dom (A) = dom (A*). 

Any extension A = A* of A is proper, A e Ext _a. Moreover, any dissipative 
(accumulative) extension A of A is proper, (cf. [33J Theorem III. 1.3], [3H])- 
In the following we we call also A and A* be proper extensions. This sounds 
strange but makes sense with respect of Proposition 12.31 below. 

Definition 2.2 ([34]). A triplet II = {"H,ro,ri}, where TL is an auxiliary 
Hilbert space and TcTi : dom (A*) — > Ji are linear mappings, is called an 
(ordinary) boundary triplet for A* if the "abstract Green's identity" 

(A*f,g)-(f,A*g) = (V 1 f,T g)n-(T f,r 1 g) H , f,gedom(A*), (2.1) 

holds and the mapping T := (To, Ti) T : dom (A*) — > H © H is surjective. 

A boundary triplet II = {T-L, Tq,T\} for A* exists whenever n + {A) = n_(A). 
Note also that n ± (A) = dim {%) and ker (T ) n kcr (T x ) = dom (A). 

With any boundary triplet II one associates two canonical self-adjoint 
extensions Aj := A* \ kcr(rj), j = 0,1. Conversely, for any extension 
Aq = Aq G Ext^ there exists a (non-unique) boundary triplet II = {"H, To, Til 
for A* such that A Q := A* f kcr (r ). 

Using the concept of boundary triplets one can parameterize all proper ex- 
tensions of A in the following way. 

Proposition 2.3 (PUSH]). Let II = {-H,r ,ri} be a boundary triplet for A*. 
Then the mapping 

(Ext A 5) A^ Tdom (A) = {{T f, r x f} : f £ dom (A)} =:0£ C(H) (2.2) 

establishes a bijective correspondence between Ext a and 0(1-1). We write A = 
Aq if A corresponds to O by ()2.2|) . Moreover, the following holds: 

(i) Aq = Aq- , in particular, A B — Aq if and only if 0* = 0. 
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(ii) Aq is symmetric (self-adjoint) if and only if is symmetric (self-adjoint). 

(iii) Aq is m-dissipative (m- accumulative) if and only if so is 0. 

(iv) The extensions Aq and Aq are disjoint (transversal) if and only if 6 
C(U) (0 G [U]). In this case (J23 takes the form 

A e := A gT(e) = A* \ ker(Ti - 0r o ). (2.3) 

In particular, Aj := A* \ ker(r.,) = A e ., j G {0, 1}, where O := {0} x % 
and ©i := H X {0} = gr (O) where O denotes the zero operator in H. 

We note that C(H) contains the linear relations {0} x {0} and HxH. It turns 
out that the corresponding closed extensions of A are A and A* , respectively. 
This is the reason why we include A and A* into the sets of proper extensions 
of A. 

2.3 Weyl functions and spectra of proper extensions 

It is well known that Weyl functions are an important tool in the direct and 
inverse spectral theory of singular Sturm-Liouville operators. In [T51 [THl US] the 
concept of Weyl function was generalized to the case of an arbitrary symmetric 
operator A with n+(A) = n_(A) < oo. Here following [TB] we briefly recall 
basic facts on Weyl functions and 7-fields associated with a boundary triplet II. 

Definition 2.4 (PUQS]). Let n = {?^ r 0, r i} bc a boundary triplet for A* 
and Aq = A* \ ker(To). The operator valued functions 7(-) : p(Aq) — > [H,?)] 
and M(-) : p(A a ) -> [H] defined by 

7 (z) := (r t and M(z) := r l7 (z), z € p(A ), (2.4) 

are called the 7-field and the Weyl function, respectively, corresponding to the 
boundary triplet II. 

Clearly, the Weyl function can equivalently bc defined by 

M{z)T f z = Trf,, f z em z , zep(Ao). 

The 7-field 7(-) and the Weyl function M(-) in (|2.4p arc well defined. Moreover, 
both 7 (-) and M(-) are holomorphic on p(Aq) and the following relations hold 

7(z) = ( J r + (z-C)(A>^r 1 ) 7 (C), z,C&p(A ), (2.5) 

and 

M(z)-M(Cr = (z-C) 7 (C)*7W, zXep(A Q ). (2.6) 

Identity (|2l?1) yields that M(-) € (Rh), i-e. M(-) is a [H]-valued Nevanlinna 
function, that is, M(-) is a (["H]-valued) holomorphic function on C\K and 

M(z) = M(z)* and ^ °» ^ e p(^o)- 

It follows also from dUBj) that M(-) satisfies £ p(lm(M(z))) for all z G C\M. 
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Proposition 2.5 ( jT5J [TB] ) . Let A be a simple symmetric operator in Sj simple 
closed densely defined symmetric operator in Sj and let II = {"H, To, Til be a 
boundary triplet for A* , M(-) the corresponding Weyl function. Assume that 
G C(7i) and z G p(Aq). Then the following holds: 

(i) z G p(A e ) if and only if G p(Q - M(z)); 

(ii) z G o~ t (Aq) */ and only if G ov(0 — M(z)), t = p,c,r. Moreover, 
dim (ker (A e - z)) = dim (ker (6 - M(z))). 

2.4 Krein-type formula for resolvents and comparability 

Let II = {H, To, Ti} be a boundary triplet for A* , M(-) and j(-) the correspond- 
ing Weyl function and the 7-field, respectively. For any proper (not necessarily 
self-adjoint) extension Aq G Ext a with non-empty resolvent set p(Aq) the 
following Krein-type formula holds (cf. [T5 | [TB I ri9] ) 

{Ae-z)- 1 -(Av-z)- 1 = 1 {z)(Q-M{z))- 1 1 *{z) 1 z G p(A )np(A e ). (2.7) 

Formula (|2.7[) extends the known Krein formula for canonical resolvents to the 
case of any Aq G Ext a with p{Aq) 7^ 0. Moreover, formulas (|2.2[) , (|2.3[) and 
(|2.4p express all parameters in (|2.7[) in terms of the boundary triplet II (cf. 
[T5j [16l [19] ) . Namely, these expressions make it possible to apply formula (|2 . T[) 
to boundary value problems. 

The following result is deduced from formula (|2.7j) . 

Proposition 2.6 ([TBI Theorem 2]). Let H = {H,r ,ri} be a boundary triplet 
for A*, 0,0 G C{U) and p{A & ) n p(A e ) ^ 0. If p{&) n p(0) 7^ 0, then for 
any Neumann- Schatten ideal & p , 1 < p < 00, the following holds: 

(i) The relation 

{A @ , - z)- 1 - (A@ - z)- 1 G 6 P C8), 2 G p(Ae') n p(A@), (2.8) 
is equivalent to 

(& -ty 1 -(e-cy 1 ee p (n), (ep(e')np(e). (2.9) 

in particular, (Aq — z) _1 — (Ao — zy 1 G Sp(-fj) /or z G p(Ae) H p(Ao) if and 
only if (0 - C)^ G 6 P (W) /or C G p(0). 

(ii) 7/dom(0') = dom(0), £/ien the following implication holds: 

W~Q G 6 P (W) =>■ (A e - - z)- 1 - (A e - zy 1 g 6,(3), (2.10) 
z G p(A©*) n p(Ae). In particular, i/0',0 G ["H], then (|2.8[) is equivalent to 

e'-e g 6 P CH). 
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3 Almost solvable extensions 



3.1 Basic facts 

In the following A denotes a densely defined closed symmetric operator in f). 
The concept of almost solvable extensions of A was introduced in [3U] (see also 
[T71 [TSJ [TOJ ) . Let us recall basic facts on these extensions and let us extend this 
concept to a family of proper extensions. 

Definition 3.1. 

(i) An extension A £ Ext a is called almost solvable if there exists a self-adjoint 
extension A of A such that A and A are transversal, sec Definition I2.1f ii) . 

(ii) The family {Aj}f =1 , Aj £ Ext a, j G {1, • • • , N}, 2 < N < oo, is called 
jointly almost solvable if there exists a self-adjoint extension A of A such that 
A is transversal to each Aj, j £ {1, . . . , A}. 

(iii) Let Ael. The family {Aj}$L v Aj £ Ext A , j £ {1, . . . , N}, 2 < N < oo, 
is called jointly almost solvable with respect to A if there exists a self-adjoint 
extension A of A which is transversal to any Aj, j £ {1, . . . , A}, 2 < N < oo, 
and satisfies in addition the condition A £ p{A). 

We note that Definition 13. lf i) coincides with Definition 3 of [18j . 

Definition 3.2. Let Aj £ Ext A , j £ {1,...,N}. A boundary triplet LI = 
{%, To, Li} for A* is called regular for {Aj}^ =1 if there exist operators Bj £ [H], 
j £{1,..., A}, such that Aj = A Bj := A* \ ker (L x - BjT ), j £{!,..., N}. 

Proposition 3.3. Let Aj £ Ext a, j £ {1, • • ., 

(i) The family {Aj}^ =1 is jointly almost solvable if and only if there exists a 
boundary triplet II = {'HjLo^i} for A* which is regular for {Aj}^ =1 . 

(ii) The family {Aj}jL 1 is jointly almost solvable with respect to A £ K if and 
only if there exists a boundary triplet II = {"H,Lo,Li} for A* which is regular 
for{Aj}f =1 and\£p(A ). 

Proof, (i) The proof follows immediately from Proposition I2.3f iv') and [Till 
Proposition 7.1]. 

(ii) By Definition 13. ll fiii) there exists a self-adjoint extension A which is 
transversal to Aj, j £ {1,2,..., A}, and such that A £ p(A). Choosing a 
boundary triplet II = {U, L , Li} for A* such that A := A = A* \ kcr (L ) and 
applying Proposition I2.3f iv) we get the necessity. Sufficiency is again implied 
by [I! Proposition 7.1]. □ 

Proposition ^. 3f i) makes it possible to introduce the real part and the imag- 
inary part of an almost solvable extension A. 
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Definition 3.4. JMI Let A G Ext a be almost solvable and let II = {%, T , Ti} 
be a boundary triplet for A* which is regular for A, i.e. A = As, B G \H\. 
Then the self- adjoint extensions An, Aj G Ext^ defined by Ar := Ab r and 
Ai := Asn are called the real and the imaginary parts of A, respectively. 

It can be shown (see [17], [H]) that the definitions of Ar and Aj depend 
only on A and do not depend on the choice of the regular boundary triplet. 

It follows from Proposition 13.31 that in the case n + (A) = n_ (A) < oo any 
A G Ext a is almost solvable. The following statement demonstrates that for 
n ±(A) = oo the class of almost solvable extensions is also rather wide. 

Proposition 3.5 ( [151 Theorem 1]). Let A G Ext a- If the condition (p{A) U 
a c (A)) H C± 7^ is satisfied, then A is almost solvable. In particular, A is 
almost solvable if p(A) n R ^ 0. 

Recall that an extension A G Ext a is called solvable if G p(A). Hence 
any solvable extension is almost solvable. Furthermore, we note that the suffi- 
cient condition of Proposition 13.51 is not necessary. It might even happen that 
n+{A + ) = n_ (A- ) < oo and A is almost solvable although (p(A)\Ja c (A))r\C± = 
0. Such extensions can easily be constructed for A — A + A^ where A± are 
simple symmetric operators with deficiency indices n + (A + ) = ri-(A-) = 1 and 
n_(A+) = n+(A_) = 0. 

Finally, we indicate a criteria which easily follows from [T71 Proposition 1.5]. 

Lemma 3.6. Let A be as above and let II = {'H,ro,ri} be a boundary triplet 
for A* , M(-) the corresponding Weyl function. Let A' := A®> and A := Aq 
where 0',0 G C{T-L) and Q G p(A') n p(A). Then the extensions A' and A are 
transversal if and only if 

OGp((0'-M(C))- 1 -(0-M(C))- 1 ). 

3.2 Compactness and almost solvable extensions 

In general, even two almost solvable extensions are not necessarily jointly almost 
solvable. However, the following result, which is very important in applications 
to the perturbation determinants, is valid. 

Proposition 3.7. Let A be a densely defined closed symmetric operator and let 
Aj G Ext A , j G {1, . . . , N}, 2 < N < oo. If at least one A jo! j G {1, 2, . . . , N}, 
is almost solvable and there exists a non-real £ G C\jLi PiA-j) such that 

(Aj-cy 1 -(A^-cy 1 e&ooif)), j e {1, 2, ... , N}, (3.1) 
then the family {Aj}^ =1 is jointly almost solvable. 

Proof. Without loss of generality we assume jo = 1. Since A\ is almost solvable 
there is a self-adjoint extension A of A which is transversal to A\. We choose a 
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boundary triplet II = {%, T , Fx} for A* such that A = A := A* \ ker (r ) and 
denote by M(-) the Weyl function. By Proposition ^. 31 there exists a B\ G [H] 
such that A\ = Ab 1 - Since ( G /o(Ai) one gets from Proposition 12.51 that G 
— M(C)) which yields the existence of the operator D\ := (Bi — M(Q)~ 1 . 
Moreover, for any j = 2, 3, . . . , A, there are closed relations O,, in H such that 
A 3 = A Qj , cf. Proposition [3T3J Again, by Proposition [2T5J G p(Oj - M(£)) 
which shows that Dj := (Q 3 -— M (£)) , j G {2, 3, . . . , AT}, exists and is bounded 
From condition (|3.1[) we get that 

Dj — D\& &co(U), j = 2,3,...,N. (3.2) 

Notice, that Di is invertible, that is G p{D\). 

Without loss of generality we assume £ G C+ . We set 

Bn := Mfl(C) + M _1 M/(0, A» e R \ {0}, 

where M R (Q := Re(M(C)) and M/(C) := Im(M(C)). The operators S M are 
bounded and self-adjoint. Hence A^ := defines a family of self-adjoint 
extensions of A. Obviously, we have 



(£ M - M(C))- 



1 - ip Mj(C) 



where we have used that for non-real z G C+ the operator Mi(z) is invertible. 
Since Mi(z) is also non- negative we have 



TmKC) V j i-W v^To : 



Dj - (B M - M(C))- 1 = 7 == ( DJ - ) -7=—, j = 1,2,..., A, 



where D^ := y/Mi(QD jy /Mi(C), j = 1, 2, . . . , A. From $£2b we immediately 
get that 

D'j — D[ G & 00(H), j = 2, 3,..., A. 

Since Di is invertible the operator D[ is also invertible, that is G p(D[). Hence 
there is a neighborhood U of zero such that U C p(D' l ). The set Ej := <j(D'j)nU 
consists of isolated eigenvalues of of finite algebraic multiplicity, that is, the 

set Sj is countable for each j = 2, 3,..., A. Hence the set S := \J^ =2 ^j is 
countable. Setting ((p) := p(l — ip) -1 , p G R \ {0}, one has lim^o C(a*) = 0- 
Since the curve £(p) is continuous there is a least one po G M \ {0} such that 
C(Mo) eW\ECW\E i) j = 2,3,...,JV, which yields CM G W n p(Dj), 
j = 2,3..., A, and, of course, C(a*o) G W. Hence the operators DJ — ({po), 
7 = 1, 2 . . . , A, are invertible which shows that G p(Dj — (B^ — M (C)) -1 )> j = 
1,2,..., A. Hence G p ((9^- - M(C))" 1 - (D Mo - M(C))- 1 ), j = 1,2,..., A. 
Taking into account Lemma 13.61 we complete the proof. □ 



Proposition 3.8. Let A be a densely defined closed symmetric operator and let 
Aj G Ext .a, 1 < A < 00. If there is a real A such that A G p(Aj ) for some 
jo G {1,2,..., A} and £ G C\jL 1 p(Aj) such that (|3.1|) holds, then the family 
{Aj}^ =1 is jointly almost solvable with respect to A. 
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Proof. Without loss of generality we assume jo = 1. Since A £ /o(-Ai) one gets 
that A is a regular point of A. Hence there is a neighborhood 6 := (A — e, A + e), 
e > 0, of A such that 5 C p{A{) is a gap for A, that is, 

||(A-A))/||>e||/||, /edom(A). 

From [39] we get that there is a self-adjoint extension A of A such that p( A) D 
<5. We choose a boundary triplet II = {H,ro,ri} of A* with Weyl function 
M(z) such that A = A = A* \ kcr(r ). We recall that the Weyl function 
M{z) is well-defined and bounded on 5 because 8 is a gap of A = A . Let 
Bfj, = M(A) + p^ 1 where \ {0}. The operator is bounded and self- 

adjoint for p e R \ {0}. We set A ^ := Ab ■ Obviously, A ^ is self-adjoint. 
Moreover, we have B^ — M(X) = p -1 . Hence — M(X))~ 1 = /i which yields 
that G p{B il - M(A)) for any /i G R \ {0}. Using Proposition |2"31 we find 
A G piAfj) for any p ^ 0- 

By Proposition 12.31 we find a closed linear relation Oi in Ti such that A\ = 
Aej. Moreover, from Proposition 12.51 we get that G p(@i — M(A)). Hence 
Di := (0i — M(X))^ 1 is a bounded operator. Furthermore, we have 

(0! - M(A))- 1 - (Bft - M(X))- 1 = Di — p. 

Obviously, there is a p E R \ {0} such that p G p(Di) holds. Hence G 
p ((0i - M(X))^ 1 - (B p - A/(A)) _1 ). Applying Lemma 1531 we obtain that the 

extensions A\ and A are transversal for sufficiently large p. 

By assumption ([3.1 [I the sets := cr(A,) fl 5, J = 2, 3, . . . , N, are countable 
which yields that X = |Jj_2 ^ s countable. Moreover, by Proposition ^. 31 there 
are closed relations Qj in H such that Aj = A®,, j = 2,3, ...,N. Let A' G 
(A,A+e)\X C (A, A+e)\Sj, j = 2,3,...,iV, which yields A' G (A, A + e)np(l 3 ), 
j = 2, 3, . . . , JV, and A' G p(2i). From Proposition[23Jwe find G p(Qj—M (A')) 
for j = 1, 2, . . . , N. Hence the operators £K := (0^ - 7l/(A')) _1 , j = 2, 3, . . . , N, 
exist and are bounded. We set := M(X') + p^ 1 and A'^ := Ab>^, p G R\{0}. 
Obviously, is self-adjoint. We have 

(0, - AZ(A'))- 1 - K - M(A'))- 1 = - p, . ? = 1,2,..., TV. 

Hence, there is a sufficiently large real number po > such that £ 
p((0 3 - - MiX'))- 1 - (B 1 ^ - M(X'))- 1 ), j = 1,2,3,... ,N. By Lemma EH the 
self-adjoint extension A' is transversal to Aj, j = 1,2,3, ... ,N. 

It remains to show that A G p( A'^ ). We have B' - M (A) = p~ 1 + M(A') - 
M(A) > 1 where we have used that M(A) < M(A') for A, A' G 6 and A < A'. 
Hence <E p [B 1 - M(X)). From Proposition [33] we obtain A G A' . □ 

3.3 Characteristic function and almost solvable extensions 

It is known several approaches to the definition of the characteristic function 
(CF) of an unbounded operator with non-empty resolvent set. The most relevant 
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to our considerations definitions have been proposed in [5U] and [T7J [TB]. In 
general, the CF might have some exotic properties. However, it was shown in 
[T71 [T5I |2"U] that the CF of an almost solvable extension of A takes values in [H] 
and has some nice properties similar to that of the CF of bounded operators 
(cf. [13]). We will not present a strict definition of CF since in what follows we 
need only the following formula expressed CF in terms of the Wcyl function. 

Proposition 3.9 ( [T7J Theorem 2]). Let A be a densely defined closed sym- 
metric operator and let A be an almost solvable extension of A. Let also 
II = {T-1,Tq,Ti\ be a boundary triplet for A* which is regular for A, i.e. 
A = Ab = A* \ kcr (ri — BTq) and B £ [H]. Then the characteristic func- 
tion of the operator Ab admits the representation 

Wf{z) ;=I + 2i\B I \ 1 ' 2 (B* -MWy^Bzl^J, ze P (A*)np(A Q ), (3.3) 

where Bi = ,J\Bi\. J = sigTi(Bj), is the polar decomposition of Bj := Im(B). 

It follows from (|3 . 3[) that Wj~(-) takes values in \H\ and is J-contractive in 
C_|_, respectively J-cxpansive in C_. In particular, it is contractive in C + if 
A = Ab is m-dissipative, that is, B is m-dissipative, cf. Proposition I2.3f iii). 
Notice that J = I in this case. 



4 Perturbation determinants for extensions 
4.1 Elementary properties 

Through this section we always assume that A is a densely defined closed sym- 
metric operator in f) with equal deficiency indices. We are going to show that 
the perturbation determinant for extensions A~ -(■), cf. Definition has 

similar properties as the perturbation determinant for additive perturbations 
A* V ff(-). 

Lemma 4.1. Let H = {"H, To, Til be a boundary triplet for A* , M(-) the cor- 
responding Weyl function. Let also A', A € Ext^ and A' = Ab : and A = Ab- 
If {A', A} £ 2 n , then the following holds: 

(i) {z £ p{A )^ : £ p(B - M(z)} = p(A) n p(A ) ^ and {TB]) holds for 
C£ P {A')np(A). 

(ii) The perturbation determinant A~ ; ^~(z) is well defined on the open set 
p(A) n p(^4o) an d * s holomorphic there. 

(iii) 7/n is regular for {A', A}, then B' , B £ [H] and B' - B £ &i{U). 

(iv) If n±(A) < oo, then 

4U'> «^"^)- <«) 
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Proof, (i) This statement follows immediately from Proposition I2.5f i) . 
To prove (|1.6[) we start with the identity 

(B - M(z))- 1 - (B 1 - M(z))" 1 = {B 1 - M{z))- 1 {B I - B)(B - M(z))" 1 (4.2) 

valid for z € p(A') n p(A). It follows that the right-hand side is a trace class 
operator due to the assumption (B' - B)(B - M{z))~ 1 € &i(H). Now (fl~6|) is 
implied by combining Krein-type formula (12.71) with the identity (|4.2[) . 

(ii) By Propositionl2"31we have € p(i?-M(z)) if z e /9(A s )np(A ). Taking 
into account Definition 1 1 . 1 1 wc find that the perturbation determinant is defined 
on p(A) n p(Ao). Moreover, since the operator-valued function (B — M (z)) -1 
is holomorphic on the open set {z € C : € p(B — M(z))} the perturbation 
determinant A~,^ -(•) is holomorphic on z <G p{Ab) H p(Ao). 

(iii) If II is regular for {A', A}, then B',B € [%] by definition. Therefore, 
by Proposition I2.6f ii) . the inclusion (|1.6[) is equivalent to B' — B e &i(H). 

(iv) If n±(A) < oo, then dim("H) = n±(A) < oo. Hence B' and i? are 
bounded operators and (|4.ip is implied by combining the identity 

+ (B' - B)(B - M{z))- 1 = (B' - M(z))(B - M{z))~\ z e p(A') n p(A ). 

with Proposition IA.2f ii^ . □ 

Remark 4.2. Lemma |4~T1 rises several problems. 

(a) By Lemma HTT i) the assumption {A', A} € 2) n yields p.6p . Is the converse 
true? In other words, is there exits a boundary triplet n for A* such that 
{A', A} € £> n whenever the extensions A',A(e Ext ,4) satisfy condition (|1.6[) ? 
The answer is not obvious since due to (|4.2I) the inclusion (|1.6[) is in general 
implied by the inclusion (B' — B)(B — M(z))~ 1 £ &i(H) but not vice versa. 

(b) The perturbation determinant A~ / ^,~(-) depends on a chosen boundary 
triplet n. What is character of this dependence? 

(c) In vie of Lemma I4~l7 ii). A~, -(•) is holomorphic on p(A) n p(A ). We will 
show the next section that A-^-(-) admits holomorphic continuation to the 
domain p(A), as it takes place in the classical definition. 

4.2 Existence of an appropriate boundary triplet 

We are going to answer problem (a) of Remark 14.21 at least, partially. 

Proposition 4.3. Let A', A G Ext a, p(A') D p(A) ^ and let (fl~6)) be valid. 
If A is an almost solvable extension, then there exists a boundary triplet H = 
{%,ro,ri} for A* such that {A', A} G S) n . Moreover, the boundary triplet n 
can be chosen regular for {A', A}. 

Proof. By Proposition ^. 7i the pair {A', A} is jointly almost solvable. By Propo- 
sition I3.3f i) , wc can find a regular boundary triplet n. Finally, using Lemma 
HITiii) we get B' - B E &i(H) which yields {A', A} e D n . □ 
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Corollary 4.4. Let A',Ae Ext a, p(A') n p(A) ^ and let |TTBJ 6e ra&d. 

(i) 7/ (p(A) U cr c (A)) n C + and (/o(A) U (7 C (A)) n C_ are not empty, then there 
exists a boundary triplet II for A* which is regular for {A' , A} and such that 
{A 1 , A} G 3D n . 

(ii) 7//o(A)nK is not empty, then there exists a boundary triplet II = {77, To, Ti} 
for A* such that {A', A} G S) n . Moreover, this triplet can be chosen regular for 
{A' , A} such that the condition A G p(Ao), Ao := A* \ kcr(ro), for some 
A G p(-A) (~1 R is satisfied. 

Proof, (i) The proof follows from Proposition 13.51 Proposition 13.71 Proposition 
I3.3f i) and Proposition 14.31 

(ii) From Proposition 13.51 and Proposition 13.81 we get that {A', A} is almost 
solvable with respect to A. Proposition I3.3f ii) and Proposition 14.31 yield the 
existence of the desired boundary triplet. □ 

4.3 Dependence on the boundary triplet 

Let us answer problem (b) of Remark 14.21 

Proposition 4.5. Let A', A G Ext a and let II = {H,Yi,T } and II' = 
{"H',ri,r' } be boundary triplets for A* such that {A 1 , A] G £> n and {A 1 , A] G 
J) n . If A is almost solvable, then there exists a constant c G C such that 

Al /X (z) = cA% / ~(z), z G p(A) n p(A ), (4.3) 

where A$ = A* \ kcr(ro) and A' = A* f kcr (r[j). If A' and A are self-adjoint, 
then c is real. 

Proof. By Proposition 14.31 there exists a boundary triplet II = {77, To, Til for 
A* such that {A', A} G £ n and which is regular for {A', A}. Since {A 1 , A} G D n 
and {A 1 , A} G S n there exist operators B',B G C(77) and B' \B G [77] which 
satisfy the requirements of Definition ll.il In particular, one has A' = Ab' = As, 
and A := Ab = -Ag. Since Id is regular we have B' — B G ©i(77) (cf. Lemma 
14. ip . Moreover, we have 

A5 ;/i (z) = det(7+(B'-B)( J B-M(z))- 1 ), z G p(l) n p(A ), 

A% /A (z) = dct(7+( J B'-B)(B-M(z))- 1 ), z G p(A) n p(2 ), 

where A = A* f ker(r ). 

By [33] (see also QIJ1 Proposition 1.7]) there exists a J- unitary block-operator 
matrix X G [77 © 77] such that 

?i\ /In X 12 \ (Y x \ 
T J \X 2 i X 22 ) \ T ) 
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where J := . The corresponding Wcyl functions as well as boundary 

operators are related by (see [HI Proposition 1.7]) 

B= (X 11 B + X 12 )(X 21 B + X 22 y\ 

(4.4) 

B> = (X n B> + X 12 )(X 21 B> +X 22 ) . 

Since B' and B are bounded operators it follows from [THl Proposition 1.7] 
that G p{X 2 \B + X 22 ) and G p{X 2 \B' + X 22 ). In particular, one has that 
dom (Jf 2 i-B + X 22 ) = dom (B) and dom (B) = ran ((X 2 iB + ^ 22 ) _1 ). Similarly 
one gets that G p(X 2 iM(z) + X 22 ) and 

M(z) = (X 11 M(z)+X 12 )(X 21 M{z)+X 22 y\ zgC\M. (4.5) 
Taking this fact into account we have 
B - M(z) 

= (X n B + X 12 )(X 21 B + X 22 y X - (X n M{z) + X 12 )(X 21 M{z) + X 22 y' 
= X 11 (B-M(z))(X 21 B + X 22 y 1 + 

(X 11 M{z)+X 12 ) {(X^B + X^y 1 - {X 21 M(z) + X 22 y 1 } 

= X ll (B-M(z))(X 21 B + X 22 y 1 - 

(X n M(z) + X 12 ) (X 21 M{z) + X 22 y X X 21 (B - M{z))(X 21 B + X 22 )~\ 

Hence 

B - M(z) = Q(z)(B - M(z))(X 21 B + X 22 y\ z G C±, 

where 

Q(z) := X n - (X 11 M(z) + X 12 )(X 21 M{z) + X 22 y 1 X 21 
which is a well defined operator-valued function. This yields the representation 

Q(z) = (B — M(z))(X 21 B + X 22 ){B - M(z)y\ z G p(A) n C±. 

We set 

E{z) := (B - M(z))(X 21 B + X 22 )~\b - M{z))-\ z G p(A) n p(A ), 

and note that due to (|4.4[) S(-) is a well-defined family of bounded operators. 
Clearly, Q(z)S(z) = 1^ and E(z)Q(z) = Iu for z G p(A) n C±. Hence 

(S-M(z))- 1 = (X 21 B + X 22 )(B-A/(z))- 1 S(z), zGp(l)nC±. (4.6) 
Similarly we find 

B'-M(z) = Q(z)(B' -M{z))(X 21 B' + X 22 )~\ z G C±. (4.7) 
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Combining (|4.6[) with (|4. 7[) we arrive at the representation 

I+(B' -B){B-M{z))~ l 

= Q(z)(B' - M(z))(X 21 B' + X 22 )'\x 21 B + X 22 ){B - 7\/(z))- 1 S(z) 

for z e n C±. It follows that 

I+(B' -B)iB-M(z))- 1 
= Q(z)(B' - M(z)) x 

{/ + (X 21 5' + X 22 y Y X 21 {B - B')} (B - 
= Q(z)(B' - M(z))(B - M(z))- 1 S(3) + 

Q(z)(B' - M(z))(X 21 B' + X 22 y X X 21 (B - B')(B - M(z))" 1 S(z) 
= I + Q(z)(B' -B){B-M{z))- 1 Q{z)- 1 + 

Q(z)(B' - M{z))(X 21 B' + X 22 y X X 21 (B - B')(B - M(z)y 1 Q{z)~ 1 . 

Hence 

det(I + (B 1 - B)(B - M(z))- 1 ) 
= Act (i + (B' -B){B- M(z))~ l 

+ (B' - M(z))(X 21 B' + X 22 )~ 1 X 21 (B - B')(B - M(z))" 1 ) . 

Further, it is easily seen that 

I+(B' -B)(B-M{z))- 1 + 

(B' - M(z))(X 21 B' + X 22 )~ l X 21 {B - B')(B - M(z))" 1 
= (I + (B' - B)(B - Miz))- 1 ) x 

x (l + (B - M(z))(X 21 B' + X 22 y X X 21 {B - B'){B - M(z))" 1 ) . 

By the multiplicative property for determinants we get 

dct(7 + (B' - B){B - M(z))- 1 ) 

= det(J + (B' - B)(B - M(z))- 1 ) det(/ + X 21 (B - B')(X 21 B' + X 22 ) _1 ). 

Note, that the second determinant in the last formula is well defined. Indeed, 
it follows from (|4.7|) that the operator valued function 

(B 1 - M(z))(X 21 B< + X 22 )^ = Qizy^B' - M(z)) 

takes values in H for z E p{A') n C±. Taking into account Definition I l.lf iii) we 
get (B - B'){B' - M(z))- 1 G &i(U), z e p(A') n C±. Therefore 

X 21 {B-B')(X 21 B' +X 22 )- 1 

= X 21 (B - B')(B' - M{z)y 1 (B' - M(z))(X 21 B' + X 22 )^ G 61(H) 
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for z G p(A') n C± and the determinant is well-defined. Setting c := 
dct(l + X 21 (B-B>)(X 21 B / + X 22 y 1 ^ we get A% /X (z) = c *%, /X {z) for 

z g n c±. 

Similarly, there exists a constant c' G C such that A = c' A ~ ~(,z) 
for z G n C±. Setting c := ? /c we find = c A^ ~(z) for 

z g n c±. 

It remains to prove that c = c whenever A' = (A 1 )* and ^4 = (A)* . We have 
c AJ^(Z) = Al /A (z) = Af-(I) = c AJ M (S), z G C ±) 
which yields c = c. 

Finally we note that (|4.3[) was proved for z G /o(A) n C±. Since both sides 
admit an analytic continuation to p(A)Dp(Ao)np(A' ) , the relation (|4.3[) extends 
to this set too. □ 



4.4 Domain of holomorphy 

We note that relation (|4.3|l is not completely satisfactory because it should be 
valid for z G p(A). To this end we have to answer problem (c) of Remark 14.21 

Proposition 4.6. Let A', A G Ext^ and let H be a boundary triplet for A* 
such that {A 1 , A} G S n . Then A~, -{■) admits a holomorphic continuation to 

p{A). 

Proof. By Lemma 14.11 the perturbation determinant A- -(■) is well defined 
and holomorphic on p(A) n p(Ao). Since Aq = A^ the determinant A~, -{■) is 

holomorphic on p(A) D C±. 

Further, let us assume that A G p(A) D K. By Lemma l4~TT i'). the set p(A') fl 
jo(A) is not empty and (|1.6[) holds. By Proposition 13 . 81 the pair {A', A} is 
jointly almost solvable with respect to A. It follows from Proposition I3.3f ii) 
that there exists a regular boundary triplet 11a = {^^o^i} such that A G 
p(Aq.\), A .\ := A* r kcr(rg). According to Lemma [4TTT ii) the perturbation 
determinant A~^ -(■) is holomorphic on p(A) n p(A 0t \). If A' G p(A) n K, we 
find a regular boundary triplet Ily such that A' G p(Ao t y). By Lemma l4.1f ii). 
the perturbation determinant A~ A ^~(z) is holomorphic on p(A) n p(Ao ! \i). By 

Proposition 14.51 there is a constant c G C such that A~ A ,~(z) = c A ~ A ' ~(z) 

A'/A K A' I A K ' 

for z G p(A) n C±. Since the right-hand side of this identity is holomorphic 
on p(A) n p(Ao t x') the left-hand side admits a holomorphic continuation to 
p(A) n p(Ao t \'). Since A' G p(A) is arbitrary, the proof is complete. □ 

Proposition 14.61 enables us to consider the perturbation determinant as a 
holomorphic function on p(A). Doing so we immediately obtain the following 
improvement of Proposition ^. 51 
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Corollary 4.7. Let the assumptions of Proposition \4-5\ be satisfied. If the 
extension A is almost solvable, then there exists a constant c € C such that 
A* /X (z) = cA% /K (z)forz€p(A). 



Proof. From Proposition ^. 61 we immediately get that the relation (|4.3[) extends 
to p(A). □ 

4.5 Properties 

Let us show that the perturbation determinant A~ -(•) fulfills properties sim- 
ilar to those of Krein's determinant mentioned in Section |2~41 

Proposition 4.8. Let II = {'H,Tq,Ti} be a boundary triplet for A*, M(-) the 
corresponding Weyl function. Assume that the proper extensions A,A',A"(£ 
Ext A ) are disjoint with Aq, i.e. A = A B , A' = A B > , A" = A B » with B, B' , B" G 
C(H). 

(i) IfB',Be &x{U), then {A', A} G £> n and 

A n . , det(I-H - B'M(z)- 1 ) ,~ , , , , , 

where A\ := A* \ kcr (ri). 

(ii) Letp(A')np(A)^9. //{2",2'} e £ n and £ £ n , i/ien {2",2}e 
£ n and 

A x „ /X ,(z)Al /X (z) = A% /X (z), zep(A')np(A). (4.9) 

(iii) Let p(A') n p(2) 7^ 0. If {A 1 , A} G D n ; i/ien {2,2'} G £> n and 

A5 M (z)A5 /1( (z) = i, zep(2')n P (2). (4.10) 

(iv) Let {A 1 , A} £ £) n . If zq G /o(-Ao) is either a regular point or a normal 
eigenvalue of A' and A, then 

ord (A5 7l (z )) = m Z0 (2') - m Zo (A). (4.11) 

in particular, if Zq G p(^4o) H p(^4), #ien 

ord (A5 7l (z )) =m Z0 (l'), (4-12) 

c/. AppendixVB\ 

(v) //{2',2} G £> n , i/ien 

_J-_AA Jf/i ( z ) = tr ((2- z)- 1 - (2' - z)- 1 ) (4.13) 
a a'/a( z ) dz 1 

for z € p(A') H p(^4), where the right hand side has sense by Lemma \^.l\ i). 
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(vi) If {A', A} g D n and {A'*, A*} g D n , i/iera 

A3 V -,( Z ) = A5 /1 (^) ! zep(n (4.14) 

(vii) //{!', 2} g £> n , iften 
A5 ~(z) 

A n M rn = det(I n + (M(z) - M(C))(B - M{z))-\B> B)(B> M(C))- 1 ), 

A'/A^' 

for z g and C g /o(A') n p(A). 

Proof, (i) Obviously we have {A 1 , A} g S) n . Further, let z g p(Ao). One has 
g p(B - M(z)) if and only if 1 g piBM^)- 1 ). Hence 

In + (B' - B)(B - M{z))- X = (B' - M(z))(B - Af(z))" 1 

= (I n - B'M(z)- l ){In - BM{z)~ x )-\ z g p(A) n p(A,). 

Since z € p(^i) if and only if S p(M(z)) the right-hand side of (|4.8[) admits 
a holomorphic continuation to n p(Ai). 

(ii) If z g p(A') n /?(!) n />(A ) ^ 0, then 

{z g p(A ) : g - M{z)) A g p(B — M(z))} ^ 0. 

Hence {z g p(A ) : g p(B' - M(z))} ^ 0. To check Definition [TlTii) we note 
that dom(B") = dom(B') = dom(B). Using 

(B" - B)(B - M(z))- X = (B" - B')(B - M(z))~ l + (B 1 - B)(B - M(z))- 1 

for 2 g p(A') n p(Ao). Notice that [B 1 - B)(B - M(z))" 1 g 61(H) by as- 
sumption. It remains to verify that (B" - B')(B - M(z))~ 1 g 61(H) for 
2 g p(A) n p(A ). Obviously, we have 

(B" - B')(B - M(z))- 1 = (B" - B')(B' - M(z))~ x 
+ (B" - B')(B' - M{z))-\B' - B)((B - Af(z))^ 1 

for z g p(A') n p(A) n p(A ). Since (B" - B'){B' - M(z))~ 1 g 61(H) for 
z g p(A') n |o(ylo) and (B' - B){B - M(z))" 1 g 61(H) for z g p(A) n P (A Q ) by 
assumption we find (£" - B){B - M(z))" 1 g 61(H) for z g p^n^C^n^A,). 
Now (|4.9[) follows immediately from the definition for z S p{A') n p(^4) H /o(^4o)- 
Finally, using Proposition 14.61 we can omit p{Ao). 

(iii) If p(A') n /9(A) 7^ 0, then p(A') n p(2) n p(A)) 7^ 0- Hence one has 
{z g p(A ) : g p(B' - M{z)) AO £ p(B - Af(z))} ^ 0. Therefore the 
conditions (i) and (ii) of Definition II .11 arc satisfied for the ordered pair {A, A'}. 
To prove condition (iii) of Definition 1 1 . 1 1 we use the representation 

(B - B')(B' - M(z))" 1 = ~(B' - B)(B - M{z))~ 1 {B - M(z))(B' - M(z))" 1 
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for z G p(A') n p(A) n p(A ). Since (B - M(z))(B' - AZ(z))- 1 is a bounded 
operator we get (B - B')(B' - M(z))- 1 G ©i("H) for z G p(A') n p(A>)- To 
prove P~TU]) it suffices to set A" = A in (g^J). 

(iv) From Proposition 12.51 and the Krein-type formula (|2 . T[) we find that 
^o(l') = v Zo (B' - M(z Q )) and v ZQ {A) = v Zo {B - M{z )). Following the rea- 
soning of[31 Chapter IV, Sec. 3.4] we get ord (A^ „(^ )) = v ZQ (B' — M(z )) - 

v Zo {B - M(z )) which proves (|4"TT1) . 

(v) From formula [65l (1.7.10)] we get 

d A5~(z) (4.15) 



Al /X (z)dz A '/ A 

= tr ((I + (B' B)(B M(z))- 1 )- 1 ±-{B> B)(B M(z)Y 

for z G /o(2') n p(A) n jo(A ). From (EU) we find 

±{B- M(z))- 1 = (B - A/(z))- 1 7 (2)* 7 ( 2 )(S - M(z))" 1 

for z G p(^4) H /c(Ao). Combining two last formulas we obtain 

tr ((/ + (B' B)(B M(z))- 1 )- 1 j-{B' B)(B M(z))" 1 

= tr ( 7 (z)(B> - M{z))-\B' B)(B M(z))- J 7 (z)*) 

for z G p(A') n n /o(A ). On the other hand, the Krein-type formula (f2~T)) 
yields 

{A' z)- 1 -{A- z)- 1 = j(z)(B' M(z))-\B B')(B A/(z))~ 1 7 (z)* 
for z G p(A') n /o(A) n p(Aq). Combining this formula with (|4.15[) we arrive at 

(S3. 

(vi) If {A 1 , A} G S n , then C(B - M(z))- 1 G &i(H) for z G p(A) n p(A ) 
where C := B' — B, dom (C) := dom(B') = dom(B). Since {A'*, A*} G D n 
the operators £?' and _B are densely defined. Hence B'* , £?* and C* exist and 
(B* - M{z)*)- l C* G ©iCH). Setting C* := B'*-B*, dom(C») = dom(S'*) = 
dom(f?*) we get dom(C*) 3 dom(C*). Moreover, we have 

C*(B* - M(z)*)- 1 = C,{B* - AI(z)*)- 1 G & x {n) 
for z 6 p(A) n p(^lo)- Applying Corollary IA. 41 we obtain 



det(I n + (B* - Af(z)*)- 1 C**) 

= det(I n +C*{B* - Miz)*)- 1 ) = det(I n +C,{B* - M(z)*)- 1 ) 
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for z G p(A)np(A Q ). Since {{B' - B){B - M(z))~ 1 )* = (B* — M{z)*)~ 1 C* we 
find 

A5 ;/1 ( z ) = det(J^ + (B*-A/( z )*)-iC*) 

= det(I* + c*(ir - Miz)*)- 1 ) = &% /X M 

for z G p(A)<~)p(Ao) where we have used M(z)* = M(z) for z G p(Ao). Replacing 
z by z it follows (|4~T4) for z G n p(A ). 

(vii) The proof follows from (ii) and (iii) . □ 

Propositions 14.61 and 14.81 show that the perturbation determinant A-^-(-) 
has the properties similar to that of the classical perturbation determinant. 

Proposition 4.9. Let A G Ext^ and let IT = {"H, To, Til be a boundary triplet 
for A* such that A = Ab, B G C(H), andM(-) the corresponding Weyl function. 
If for some ( G p(A) n p(A ) 

(A-C)- 1 -(Ao-Cr 1 GSi(j5), A :=A* [kcr(r ), (4.16) 
iften t/ie following holds: 

(i) _B is discrete and (B — /i)^ 1 G &i(H) /or ari!/ /i G p(B). 

(ii) There exists a regular for {A, Aq} boundary triplet IT = {%, To, T\} for A* . 

(iii) If U is a boundary triplet for A* such that {A, Aq} G S) n , i/ien i/iere exist 
/it = p, G p(S) <™rf c G C smc/i i/iai 

A| Mo (z) = C dct(/-( A1 - J B)- 1 ( Ai -Af(z))), zGp(Ao). (4.17) 

If £ p(B), then one can put p = in (|4.17D . 

Proof, (i) If (|4.16p is satisfied, then, by Proposition 12 .6f i) . B is unbounded, its 
spectrum is discrete and (B — p)~ x G for p G p(-B). 

(ii) Since Aq = Aq , Proposition 13.51 yields that Aq is almost solvable. By 
Proposition 14. 3( there exists a boundary triplet II for A* which is regular for 
the pair {A, A }, in particular, {A, A } G £> n . 

(iii) Since B is discrete, p(B) fll ^ I. Choosing p G p(B) n K we set 
ri := T and T' := -(I^ + pT ) and note that IT' = {%,r£,fi} is a boundary 
triplet for A* too. Moreover, we have A = A^ where B = (p — B)^ 1 and 
A-o = Aq = A* \ ker (Ti) where O is the zero operator in %. Thus, the boundary 
triplet IT is regular for {A, Aq}. The Weyl function M(-) associated with IT is 
M(z) = (p — M(z)) -1 , z G C±. Hence, by Definition 11.11 the perturbation 
determinant is 

A| /Ao (z) =det (i-BM ~\zj} = det (i - B(p - M(z))) , z G C±. (4.18) 
Finally, applying Proposition 14 . 5 1 we arrive at (|4.17[) . □ 
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Corollary 4.10. Let IT = {"H,r ,ri} be a boundary triplet for A* , AJ(-) the 
corresponding Weyl function and let A' , A G Ext a be such that A' = Ab> ■ 
A = A B , where B',Be C(H). If p(A') D p(A) ^ and 

(jf-Q-i- (4,-0-1 6 6i(J5) and (1-C)" 1 - (A - C)" 1 G Si(£) (4.19) 

/or some C € /o(-A') H /o(A) H C±, then the following holds: 

(i) B' and B are discrete and there exists p G p(B') H p(J3) PI R suc/i i/iai 
(B' - m) _1 G 6 x (W) and (B - p)- 1 G ©i(H). 

(ii) There exists a boundary triplet II = {"H, To, Ti} /or A*, which can be chosen 
to be regular for the family {A' , A, Ao}. 

(iii) J/II = {"H, To, Til is a fnoi necessarily regular for {A', A, Ao}) boundary 
triplet for A* such that {A',A}& £> n , {A',A a } G S n and {A,A } G £> n , then 
the perturbation determinant A~, .-(■) admits the representation 

A A'/aW ~ c d et(J - (^ - B)^ 1 (p - M{z))) ' Z € R L± ' (4 - 20) 
J/0 G p(B') n p(B), i/iera we can put p = in (|4~20]) . 

Proof, (i) This statement follows immediately from Proposition I4.9f i) . 

(ii) Since Ao = Aq, it is almost solvable. Therefore, it follows from Propo- 
sition 1X7] and (|4.19p that the system {A', ^4, ^-o} i s jointly almost solvable. By 
Proposition l3.3f i). there exists a regular boundary triplet II for {A' , A, Ao}. Fi- 
nally, Proposition |2~B1 yields the inclusions {A', A} G {A',A } € and 

{i,4o}eS) fi . 

(iii) As in the proof of Proposition 14.91 we introduce the boundary triplet 
n = {-H,f ,ri} where fi := r and f := -(Tj +^r ). Clearly, A' = A gn 
B' := (p - B'Y 1 and A = A§, B = (p - By 1 and A = A where O is the 
zero operator. Hence the boundary triplet II is regular for the set of operators 
{A',A,Ao}. Combining the chain rule (cf. (|4.9[) ) with Proposition I4.9f iii) we 
arrive at ()4.20j) . To complete the proof it remains to apply Proposition 14.51 □ 



5 Perturbation determinants and trace formulas 
5.1 Pairs of selfadjoint extensions 

A spectral shift function has originally been introduced by I.M. Lifshitz in a 
special case and by M.G. Krein [3D] in the general case. Namely, Krein [4"0] 
proved that for a pair {JJ' = H + V, JJ} of selfadjoint operators with V G &i(Sj) 
there exists a unique real-valued function £(■) G L 1 (R) such that the following 
trace formula holds 

tr ((JJ' - z)- 1 - (JJ - z)- 1 ) =-J-J¥L. d t, zep(H')np(H). (5.1) 
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Formula (|5.ip has been extended in [U] to a pair of selfadjoint operators {H' , H} 
which are only resolvent comparable, that is, (H — ()~ 1 — (Ho — ( t )~ 1 G ©i(£>) f° r 
some £ G p{H') fl p(H). In this case formula (|5.1|) remains valid. However, one 
has only £(■) G i 1 (R, jr^dt) which yields that the spectral shift function £(■) 
is not uniquely defined by (|5.1[) : alongside with £(•) any function £(■) +c, c G K, 
satisfies (|5.ip too. First we show that the converse is also true. 

Lemma 5.1. Let H and Hq be selfadjoint operators which are resolvent com- 
parable. Assume that there exist real-valued functions £(•),£(•) G L 1 (M., j^-pdt) 

such that the trace formula (|5.1[) holds with both £(•) and £(■). T/ien £(t) — = 
c /or a.e. i€K where c is a real constant. 

Proof. Let rj(t) := - t G K. Then 

?7(t)dt 



-0, zgC+UC_, (5.2) 

' — oo z ) 

and ??(■) G L 1 (R, j^dt). We set 

".CD -z/^-^AA- (5-3) 



7r 7 |i — z\ 2 2in J t — z t — z 

where z = x + iy G C±. Differentiating Vri(z,z) with respect to z and z and 
taking (|5 .2[) into account we get 

oz oz 

Thus, T'r/iZjZ) is holomorphic and anti-holomorphic in C+ U C_. Hence 
V v (z,z) = a = const., z G C+. Applying the Fatou theorem to (|5.3[) we get 

rj(t) = V(t + i0, t — iO) = a = a = const. 

for a.e. tel. □ 

In the sequel we need the following technical lemma. 

Lemma 5.2. Let H = {■H,r ,r 1 } be a boundary triplet for A* and M(-) the 
corresponding Weyl function. Let also B be a maximal accumulative operator, 
in particular, a selfadjoint operator. Then the following statements are true: 

(i) If V+ G &\{T-L) and V+ > 0, then there exist a constant c+ > and a non- 
negative function £+(•) G L 1 (R, 1 , t% dt) such that the following representation 
holds 

det (I + V+(B- M(z))- 1 ) = c + cxp ji J - -^-^j , 

(5.4) 

z G C+. 



26 



(ii) If V = V* G then there exist a constant c > and a real-valued 

function £(•) G L 1 (R, jj-pdt) such that the representation 



(5.5) 



det (I + V(B - M(z))- 1 ) = c cxp ji jf - £(i)dil 

/io/ds /or z G C + . 

Proof, (i) We introduce the operator- valued Nevanlinna function 

n+{z) := 1+ y^V+iB - M(z))- 1 ^, z G C+. 

Since ^+(z) is m-dissipativc for z G C+ and G p(fl-\-(z)), z G C+, the 
operator- valued function log(fi+(z)) is well-defined by (|C.2[) for z G C+. Since 
log(0 + (z)) G &i(H) Theorem 2.8] guarantees the existence of a measur- 
able function H+(-) : R — > &i{H) such that E(t) > for a.c. i e 1 and 
tr(H(-)) G L 1 (M, jT^zdt). Moreover, the following representation holds 

log(fi+(z)) = fi+ + - / ( - zr^—A E+(t)dt, z G C+, 

where the integral is taken in the weak sense and Q+ = 01 G &i(H). Setting 
:= tr(S+(i)), ( £ R, we define a non-negative function £+(•) satisfying 
£+(•) G L 1 (M, Yfpdt) and such that 

tr (log(0+(z))) = tr (0+) + I y - £ + (t)dt, z G C+. 

Taking into account (|C3[) we verify (|5 .4[) with c + := exp{tr (0+)} > 0. 

(ii) Using the decomposition V = V+ — VL, V± > 0, we set B_ := B — V-. 
It follows from the identity 

(/ + V(B - M(z))- 1 ) (I + y_(B_ - M(z))- 1 ) =I + V+(B_- M(z))" 1 

that 

, « i \ dct ( I + V+(B- - M(z))- 1 ) , 
det (7 + V(B - M ( ,))-) = ^^.^-^ * e C + . (5.6) 

Combining (|5.6[) with the representation f|5 .4[) we arrive at (|5 . 5[) . □ 



Lemma 15.21 implies the following representation theorem for a perturbation 
determinant. 

Theorem 5.3. Let A', A G Ext^ be self adjoint extensions of A such that the 
pair {A' , A} is resolvent comparable, that is, condition (|1.6[) is satisfied. Then 
the following holds: 

(i) There exists a boundary triplet II = {H, Tq, T\} for A* , which can be chosen 
regular for {A 1 , A}, such that {A 1 , A} G S) n . 
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(ii) If {A', A} <G £> n , then there exist a real-valued function £(•) £ L 1 (R, xxp'^) 
and a constant c = c suc/i i/iai i/ie following representation 

A^(z) = cexp{l/ R (^-- T ^)^}, , eC± . (5.7) 

holds. Moreover, there exists an integer neZ suc/i i/iai 

= lim Im (log(A5 / ~(* + is))) + nn, for a.e. t e R. (5.8) 

(iii) TTie irace formula 

tv((A'-z)- 1 -(A-z)-A=-- r j^^dt, z€C ± . (5.9) 

is valid where £(•) is given by (ii). Any real-valued function £(•) satisfying (|5.9p 
differs from £(•) an additive real constant. 

Proof, (i) This statement follows immediately is from Corollary 14. 4f i) . 

(ii) At first, let us assume that II is regular for {A' , A}. Further, we assume 
that A' = Ab> and A = Ab, where B' and B are bounded selfadjoint operators. 
By Lemma l5.2f ii) there exist a real constant c and a real-valued function £(•) € 
L 1 (M, j^pdt) such that the following representation 

A3 /X { Z ) = det (/ + (£?' - B)(S - M(z))- 1 ) (5.10) 

holds for z e C±. This proves (|5.7[) . If II is not regular, one obtains (|5.7|) by 
combining (|5.10[) with Proposition ^. 51 

It follows from (|5.7[) that there exists an integer n € Z such that 

l0g(A5 7 ~( Z )) = log(| C |) + 1 jf - f(t)dt + iHTT, (5.11) 

for z G C+. At first we hnd that this representation is true in a neighborhood 
of a point z e C + such that the value A ~ _(z) does not belong to the negative 

imaginary semi-axis. By analytical continuation it holds for z G C+. Taking the 
imaginary part of both sides of (|5.11[) and applying Fatou's theorem we arrive 
at ([575]) . 

(iii) From (ii) and Proposition I4.8f v) we immediately obtain that the trace 
formula (|5.9[) holds choosing £(f) := £(t), t e 1 Applying Lemma 15.11 we 
get that any real- valued function £(■) obeying (|5.9[) differs from £(■) by a real 
constant. □ 

Any function £(•) g L 1 (R, j^dt) obeying (|5.9p is called the spectral shift 
function of the pair {^.',^4} of extensions of A. Theorem I5.3f iii) shows that 
each pair {A', A} admits many spectral shift functions. 
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Theorem 5.4. ^Let A 2 ,Ai,H £ Ext a be selfadjoint extensions of A. Assume 
that the pairs {Ai,H} and {A2,H} are resolvent comparable, that is, conditions 
of type (|1.6j) are satisfied. If for some Xq £ p(A2) C\ p(A\) C\ K the condition 

(A 2 - Xo)- 1 < (la - Ao)- 1 (5.12) 

is valid, then the real-valued spectral shift functions £i(-) and of the pairs 

{Ax,H} and {A 2 ,H}, respectively, can be chosen such that £i(i) < £, 2 (t) holds 
for a.e. t £ M. 

Proof. By Corollary 14.4( 11) there is a boundary triplet II = {'H,T ,r 1 } for A*, 
which is regular for {A',A,H} and satisfies A £ p(Ao), such that {A',H} £ 
S n , {A,H} £ D n and {A', A} £ £ n . By Theorem E^ii) there are real- 
valued functions £,•(•) £ L 2 (R, j^dt), j = 1,2, such that the perturbations 
determinants A- / H ( z ) admits the representations 

^ 1 /^) = ^exp{i/ R (^- T ^)aw} ! ^C ± , (5.13) 

ci £ M, are valid. Taking into account the chain rule, cf. Proposition EEHJii), we 
get 

Assume that Aj = Ab^ where Bj are bounded operators in H. Since Ao £ 
p(A 2 ) n p{Ai) n p(A ), Proposition \2lXi) yields £ p(B 2 - M(A )) and £ 
p(Bi - M(A )). Hence 

0<(li-Ao)- 1 -(l 2 -A o )- 1 

= 7 (Ao) ((Bi - M(Ao))- 1 - (B 2 - M(Xo))- 1 ) 7 (A )*. 

It follows from (|5TT2l that (B x - A/(A )) _1 - (B 2 - Af(A )) _1 > 0. Next we 
introduce a new boundary triplet IT := {%, r , T{\ for A* by setting 

f i := -r , f := Ti - M(A )r . (5.15) 

Clearly, Aj = Ag = A* \ kcr(r\ - Bjf ), where Bj := -(Bj - M(A )) _1 , 
j = 1,2. Notice that {M,^} £ By Definition ITTT1 one has 

A| 2/li (z) = det(7 + (B 2 - Bt^Bt - M(z))- 1 ), z £ C±, 

where M(-) is the Weyl function corresponding to the boundary triplet II. Since 
B 2 — Bi > 0, Lemma r5.2f i) implies existence of a non-negative function £(•) £ 
L 1 (R, Yfpdt) such that the representation 

A W*> = * cx p / R {ih - TTt 2 ) ^ (< W ' ze c +' (5 - 16) 
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c > 0, holds. By Proposition 14.51 there is a real constant c 2 \ such that 
A5 = c 21 A5 2 G C±, which yields 

Al /Xi ( Z ) = c 21 exp {I / r - ^) , * E C ±) (5.17) 

C21 := c 2 ic e K. Inserting ([5TT3]) and ([5~T7)) into (|5?H|) we find 

A5 /H = C2 exp ^ C± < (5 - 18) 

c 2 := C21C1 6 M, £ 2 (*) := + £(*)> * 6 R - Using Proposition [O^v) one gets 
from (|5.13|) and (|5 . 1 8|) that £i(t) and £2(2) are spectral shift functions for the 
pairs {Ai,H} and {A 2l H}. respectively. Since £(t) > for a.c. telwe obtain 
< 6(0 for a.e. tel. □ 

Corollary 5.5. Let A 2l A\ E Ext a &e selfadjoint extensions of A. If the pair 
{A 2 ,Ai} is resolvent comparable and condition (|5.12[) is satisfied for some Ao E 
^(^2) n /o(^4i) n K, t/ien t/ie real-valued spectral shift function £(•) 0/ t/ie pair 
{^i2,^4i} can &e chosen such that £(t) > for a.e. tel. 

Proof. By Corollary I4.4f ii) there is a boundary triplet IT for A* which is regular 
for {l 2 ,Ai} and A € /o(A ). We set B := Bl + B2 and H := A B . From 
B 2 - Bx E _©i("H) we get B 2 - B e &i{H) and Bi — B e 61(H). Hence 
the pairs {A2,i?} and {j4x,J?} are resolvent comparable. By Theorem 15.41 
there are real- valued spectral shift functions 6(") an d £i(0 01 the pairs {A 2 ,H} 
and respectively, satisfying £i(t) < &(t) for a.e. t E K. Setting 

C(^) ;= 6(i) — ^i (t) > 0, t G 1, wc define a real- valued spectral shift function 
of the pair {A 2 ,Ai}. □ 

5.2 Pairs of accumulative extensions 

We are going to prove a technical lemma which will be important to prove a 
new type of trace formula in the following. 

Lemma 5.6. Let II = {H, To, Til be a boundary triplet for A* , M(-) the cor- 
responding Weyl function and let B be a bounded accumulative operator in % . 

(i) J/0 < V+ < |-Br| = Bi := Im(B) < and V+ G &i(U), then the 

function uf+(-) := dct(7 + iV+(B — M(-)) _1 ) is holomorphic and contractive in 
C+. Moreover, there exist a non-negative function ??+(•) E L 1 (]R, 1 _r t2 dt) and a 
number >c + E T such that the following representation holds 

w+(z) = x+exp^ J^(j^-^^jri + (t)dty z E C+, (5.19) 

where r)+(t) = — ln(| dct(w + (< + i0))|) /or a.e. t £ I, i.e. w+(-) is an outer 
function. 



30 



(ii) IfV< \Bi\ = —Bj and V G &i(H), then there exist a real-valued function 
rj(-) G L 1 (R, j^-pdt) and a complex number x G T such that the perturbation 
determinant w(-) := dct(I+iV(B — M(-))^ 1 ) admits the following representation 

w (z) = .ex P {l I (jL- - ^) rj(t)dt] , Z G C +) (5.20) 

where rj(t) = — ln(| det(iy(i + i0))|) /or a.e. f £ 1, i.e. w(-) is an outer function. 

Proof. Since y + £ ©i, it admits the spectral decomposition V + = 
SfeGN'"fc("'V , fc)V'fc where /x fc > 0, {/J fe } feeN G Zi and {V'fcjfceN is an orthonor- 
mal system. We set 

i 

B :=B R + i(B I + V+) and 5, := B - i ^ Vfc)^fc, Z £ N. 

fe=i 

Notice that B t = B + i J2T=i+i MfcOi V'fe)^ and lim/^oo - B|| Sl = where 
|| ■ || 6i denotes the trace norm. 

By assumption, Bj -\- V+ < the operator i?o is m-accumulative. Further 
let us introduce the operator-valued function 

Wi(z) := I + iinPtiBi -Miz))- 1 ^, Px := {;ipi)ip h z G C+, I G N. 

We set w ; (z) := det(Wj(2)), z G C+, 2 € N. Clearly, 

= l + i/n((Bj -M(>))-Vi,Vi), zeC+, /eN. (5.21) 

Further, we set 

As i _ 1 /B ; W:=dct(/+(B ; _i-S / )(B/-M(z))- 1 ), z g C+, I G N. 

Since - B t = ifii(-,ip t )ipi, I G N, we get A S;l/Bi (z) = w ; (z), z g C+, 

Z g N. Due to the chain rule we obtain 

z / 
&B / Bl (z) = l[A Bk _ l/Bk (z) = l[w k (z), zgC+, (eN. (5.22) 
fe=i fe=i 

Since S -S = ^+ we have det(W+(z)) = A Bo/B (z). By lim^ ||Bj-B|| 6l = 
we get from (|5.22[) that 

i 

w+{z) := det{W+{z)) = A Bo/B {z) = lim A Bo/Bl {z) = lim TT w k (z) (5.23) 

fc=l 

for z g C+. Note, that alongside with W+(-), the operator function Wj(-), 
/ G N, is holomorphic and contractive in C+. Hence Wi(z) = det(W/(z)), I g N, 
is holomorphic and contractive in C+, thus w;(-) G H°°(C+). Next we set 

e,(z):=A B(/B( _ 1 («):=l-* W ((B,_ 1 -M(ar))-Vj,^), z G C+, Z G N. 
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Notice that Oi(z) is well defined since Bi-i is accumulative. Moreover, one has 
6 l (z)wi(z)=wi(z)6 l (z) = l, zeC+, ZgN. (5.24) 
Since -B;_i is accumulative, Im((i?i_i — M(z))~ 1 > 0, hence 

Re(e l (z)) = l + f H lm(((B l - l -M(z))- 1 ^ l ,tP l ))>l, z G C+, / G N. 
Combining this inequality with (|5.24[) we get 

\0i{z)\ 2 \6i(i 



Re{wi(z)) = j — Rc(0i(z)) > ,„ ^ > 0, 2 G C+, IeN. 



By [22l Corollary II. 4. 8 ], for each I £ N the function w/(z) is an outer function. 
According to (|D.6|) it admits the representation 

Wl (z) = v exp |l ^ (^-L - ^) W (t)dt} , € T, 

for z G C + , Z G N, where m(t) := -]n(\wi(t + i0)\), t £ K. Hence 

- expjg^ / r - ^) (5.25) 



fc= 

for z £ C+ and Z G N. Now ([532)) yields 



0< |A Bo/B ,( Z )| =exp(-^i / 



(i - a;) 2 + y 2 



T) k (t)dt 



where z = x + iy. Since Wk{z), z £ C+, is contractive, we get rjk{t) > for a.e. 
t £ K. Combining Corollary EH with ([5~2"Tj) we obtain 

- j R H\Mt + m^dt < - i| < a^ — ^ * e n. 

Since {/ifcjfceN G Zi, the Bcppo Levi theorem yields 

< i}+(t) := J2 %(*) = - £ ln (K( f + i0 )D e Ll ( R ' TTF d< ), 

fcGN fcGN 

and 

It follows from (|5T25|) and ([536)) that 
w+(z) = lim TT Wfe(z) = 



jj fc (t)di. (5.26) 



fc=i 



lim J] ) exp m ( ^ - ^ ) ^.(tjdt f , z £ C+, 



fc=i 
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where u>+(-) = det(W+(-)) an d W+(") i s given by (|5.54p . Hence the limit x + := 
lim;_j. 00 111=1 K k ^ T exists and we arrive at the representation (|5.19[) . Thus, 
is the outer function and 77+ (i) = — ln(| det(w+(t + 10))|) for a.e. t e R. 
see Appendix [D] 

(ii) Let V = V+ - V± > 0. We set £_ := B - iV— Since = 
_B/ — y_ < 0, the operator _B_ is accumulative. According to (|5 .6[) 



det(I + lV (B-M(z)) )= Act[I + lV _ {B __ M{z)) - iy *eC+. 

The assumption V < —Bj yields < V+ < -Bi + V- = -(£_)/. Applying (i) 
we get the existence of a complex number >t + G T and a non-negative function 
?7+(-) € L 1 (E, Yrp-di) such that the representation 

det(J + iV+(B- - M(z))- 1 ) = x+exp h- J - -^—^j n+(t)dt 

is valid for z g C+. From < V_ < —Bj + F_ = (B_)j and (i) we get the 
existence of a complex number >f_ G T and a non- negative function T)—(-) G 
-^(R, Tttfdt) such that the representation 

det(7 + iV.(B- - = *, exp {1 jf - ^) „_(,)*} , 

holds for z g C_. Setting x := xr+/^_ g T and r?(t) := r?+(t) - r)-(t), t g K, 
we arrive at the representation (|5.20[) . □ 

Next we apply Lemma 15.61 to a pair {A, H} of extensions of A where A is 
maximal accumulative and H is sclfadjoint. 

Theorem 5.7. Let A, H g Ext^ ; = iT* and ie< A be a m-accumulative 
extension. If the condition 

(A- o^-Off-cr 1 e©i(J5), C G n p(fT). (5.27) 
is satisfied, then the following holds: 

(i) There exists a boundary triplet H = {H,Tq,Ti} of A* , which can be chosen 
regular for {A, H}, such that {A, H} g £> n . 

(ii) If {A, H} g 5D n , then there exists a complex constant c and a complex- 
valued function oj(-) g L 1 (IR, Yfpdt) satisfying lm(uj(t)) < for a.e. t g R and 
smc/i i/iai t/ie representation 



Af / Jz) = cexp{-j^—- r ^ I )u;(t)dt\, z g C+, (5.28) 



is valid. 
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(iii) The trace formula 



tr ((A - z)- 1 - (H - z)- 1 ) =-- [ j^^dt, z G C+, (5.29) 
ZioMs where lo(-) is given by (ii). 

Proof, (i) Since = iZ* is almost solvable and p(A) (~l D C + the existence 
of a regular boundary triplet II for A* is implied by Proposition ^. 3l and condition 

OEM- 

(ii) Let us assume that II is regular for {A, H}. If A = As and H — Ac, 
where B,C G [H], then, by Proposition [231 the operator B is accumulative and 
C = C*. From B-C G 61(H), cf. PropositionCLSn), wc get B R -C G 61(H), 
B R := Re (5) and Bj G 61(H), Sj := Im(-B) < 0. Consider the selfadjoint 
extension Ar := Ab r - Hence, {A, Ar} g £> n and G 3D n as well as the 
following relation 

A i/*«= A W*) A W*). zeC+ - (5 - 30) 

holds. Applying Theorem 15. 3f h) wc get the existence of a real number c/{ and 
a real- valued function £(•) = £(•) G L 1 (IR, jr^idt) such that 

A l/>) = c - ex p{^/ fl (^-T^)^}' zeC+ ' (5 - 31) 

Let us consider A~ , T (z), z G C+. We have 

A X R /A^ = det ( J - iBi(B - M(z))- 1 ), z G C+. 

By Lemma I5.6f i) there exists a complex number x G T and a non-negative 
function ??+(•) G i 1 (R, j^-^dt) such that the representation 

^/iW = - cx 4i L {th - TT^) ^ )d< } ' ze£+ > (5 - 32) 

holds. Hence, 

* W*> = ' cxp {4 1 (rb - tt^) ^ )d< } ' 2 e c+ - (5 - 33) 

Setting := - i £ K, and inserting (jOTf and ([5331) into (f5T5CT]) 

we arrive at the representation (|5.28l) provided that n is regular for {H, A}. 
Notice lm(ui(t)) < for a.e. f G 1. Finally, applying Proposition 14.51 we verify 
the representation (|5.28[) for any boundary triplet n such that {A, H} G D n . 
Moreover, the condition Im(o;(t)) < for a.e. t £ M. remains valid. 

(iii) The trace formula f|5 . 29[) follows immediately from (|5.28[) and Proposi- 
tion g^v). □ 
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In the following a complex-valued function cj(-) G jhpdt) such that 

the trace formula f|5 . 29[) takes place is called a spectral shift function for the 
pair {^4, H} consisting of an accumulative and a selfadjoint extension. 

Theorem 5.8. Let Ai,A2 € Ext^ be m- accumulative and let H € Ext^ be 
a selfadjoint extension such that both pairs {Ai,H} and {A2,H} be are resol- 
vent comparable, that is, condition (|5.27[) is satisfied for both pairs. Then the 
following holds: 

(i) // Ao G p(^-i) H p(A.2) H R and the inequality 

Re ((1 2 - Ao)" 1 ) < Re ((A, - Aq)" 1 ) (5.34) 

holds, then there are complex-valued spectral shift functions uji(-) and UJ2{-) of 
the pairs {Ai,H} and {A 2 ,H}, respectively, such that Re(wi(i)) < Ke(u>2(f)) 
for a.e. t G R. 

(ii) // Ao G p(Ai) H p{A2) H R and the inequality 

Im ((1 2 - Ao)" 1 ) < Im ((At - Ao)" 1 ), (5.35) 

then there are complex-valued spectral shift functions wi(-) and W2O) 0/ pairs 
{Ai,H} and {A2,H}, respectively, such that Im(aji(t)) < Im(w2(£)) — / or 
a.e. t G R. 

(iii) If both conditions (|5.34[) and f|5 . 35[) are valid, then there are complex-valued 
spectral shift functions Wi(-) and W2G) of the pairs {Ai,H} and {A2,H}, re- 
spectively, such that both inequalities Rc(wi(i)) < Re(w2(t)) and Im (wi(i)) < 
Im (uj2(t)) < are satisfied for a.e. t G R. 

Proof, (i) By Proposition 13.81 the family {A2, Ai,B} is jointly almost solvable 
with respect to Ao . Taking into account Proposition 13.31 there is a boundary 
triplet IT for A* which is regular for {A2, A\,H} and Ao G p(Aq). Hence there 
exist bounded operators C, B 2 ,Bi G [ft] such that H = Ac, Aj = Ab v j = 
1,2. By Proposition 12.31 C = C* and the operators 52,-62 are accumulative. 
Moreover, Proposition I2.6f ii) and condition ()5.27j) yield B j — C G ©i(ft), j = 
1,2, and B 2 -B 1 G 61 (ft). Hence {2j,B} G £> n , j = 1,2, and {2 2 ,^i} G D n . 
Notice that B^i := Im (Bj) G ©i(ft), j = 1, 2, j = 1, 2. 
It follows from the Krein-type formula (|2.7[) that 

(Ii - Ao)- 1 - (i 2 - Ao)- 1 = (5.36) 
7 (A ) ((Bi - AZ(Ao))- 1 - (B 2 - Af (Ao))" 1 ) 7 (A )*. 

Hence 

Re ((M - Ao)" 1 ) - Re ((A 2 - Ao)" 1 ) = 7 (A ) (Rc (B 2 ) - Re (Si)) 7 (A )* 

where Bj := —(Bj — M(Xq))~ 1 , j = 1, 2. This identity yields the equivalence 
Re ((A 2 - Ao)- 1 < Re ((A t - Ao)" 1 <^=> Re (Bi) < Rc (B 2 ). (5.37) 
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Notice that the operators B x and B 2 are accumulative simultaneously with B x 
and B 2 . Furthermore it holds B 3 j := Im(%j) <G &i(H), j = 1,2. 

Introducing the modified boundary triplet II = {H, T , i\} defined by (|5.15p 
we find that A\ = Ag^ and A 2 = Ag^. Next we set A 3 := A^^, where 

§3 := B 2 , R + iB hI , (5.38) 

and B jtR := Re (Bj) and Bjj = lm(B 3 ) < 0, j = 1,2. By Proposition CSpi) , 
Ag 3 is m-accumulative since B^j < 0. One easily verifies that {^2,^43} G £> n 
and and {A 3 , Ax} e D n . Indeed we have B 2 - B 3 = B 2 ,i - B\,i £ 61(H) and 
B 3 - Bx = B 2 ,R - Bi :R g 61(H). It follows from the chain rule ([3~9"]l that 

Af .„(*) = A? .- (z)A| («) = A§ (z)A§ /2 (z)A§ ,„(*), (5.39) 

z g C+. 

By Theorem 15 .7f ii). the perturbation determinant A~ ,„(■) admits the rep- 

A\ j ti 

resentation 

A| i/ff (,) = ciex P |i| fl (^-- T ^)o;i( i )dt} ) z g C+, (5.40) 

where d g C, Wi(-) £ L 1 (M, jq^di) and Im (wi(*)) < for a.c. t g R. 

Further, denoting by M(-) the Weyl function corresponding to II, we have, 
by definition, 

A? /Ai {z) = det(/+ (S 3 - - M(z))" 1 ), z g C+. 

Since the operators Ai and ^2 are resolvent comparable, Proposition I2.6( ii) 
combining with (|5 .38|) yields B 3 — B\ = B 2 , R — B\, R £ 61(H). It follows 
from ([STgg]) . (|5~37|) and ([5381 tha t B 3 - Bx = B 2 . R - B X>R > 0. Therefore 
Lcmma l5.2f i) implies the existence of a non- negative real number c R > and a 
non-negative function £(•) g L 1 (M, j^pdt) such that the representation 

A lM 1 W=^ ex p{^/ R (^- T ^)^}, ^C + , (5.41) 
holds. Since 

A % /A - S ( z ) = det ( J + & - S 3 )(B 2 - M(z))- 1 ), z g C+, 

and B 2 — B 3 = i(B 2 j — Bx j) and i? 2 ./ — Si / < —Bx,i we get from Lemma 
I5.6f ii) the existence of a unimodular constant ieT and a real- valued function 
r?(-) £ L 1 (R, j^jdt) such that the representation 



30 



is valid. Inserting (|5.40j) , (|5.41[) and (|5.42[) into (|5.39|) and setting c 2 := ciCr;^ G 
C and w 2 (i) := Wi(t) + + *??(£), f 6 t, we arrive at the representation 

A ;UW = c ^ x p{~ jf - tt^) <«*(*)<&} . - e c +' ( 5 - 43 ) 

where Re (u>i{t)) < Re + = Re (w 2 (*)) for a.c. f G R. 

(ii) To handle the second case we use again the factorization (|5.39[) but in 
slightly different manner. From Theorem I5.7f ii) it follows the representation 
(|Q3)) where c 2 G C, uj 2 {-) G L^M, j^di) and Im(w 2 (f)) < for a.e. t G 
R. Now representation f|5 -41[) follows from Lemma f5.2f ii) where, however, the 
function £(■) is not necessarily non- negative. It follows from (|5.36j) and the 
assumption (|5.35j) that 

Im((l 2 - Aq)- 1 ) < Im((J4i - Aq)- 1 ) Im(Bi) < Im (B 2 ) 

which yields £? 2 j —B\j > 0. By Lemma lSlfl' i). representation (|5.42[) holds with 
a non- negative function r/(-) > 0. Inserting (|5~4"5j) . ([CTfj) and (pT4~2"j) into (pTBT))) 
and setting LO\(t) := w 2 (i) — £(t) — ir](t), t G R, we obtain the representation 
(|5.40p . From (|5.40[) and Proposition 14. 81V ) we obtain that is a spectral 

shift function for the pair {A\, H}. Obviously, we have Im (u>i(t)) < Im (u>i(t) + 
rj(t)) = Im(w 2 (t)) < for a.e. t G R. 

(iii) This statement can be proved following the reasoning of (ii). Since in 
addition the condition (|5.34p is satisfied we find that the representation f|5.41[) 
holds and > for a.e. t G R. Since cj x (t) = w 2 (t) - £(t) - irj(t), t G K, 
we easily verify Re(wi(t)) < Re(w 2 (t)) and Im(wi(i)) < Im(w 2 (i)) f° r a - e - 

teR. □ 

Remark 5.9. 

(i) By Lemma l5.1l the trace formula (|5.9[) for selfadjoint extensions determines 
the function £(■) G -L 1 (R, j^-fid t) uniquely up to a real constant. In contrast 
to that, the trace formula (|5.29[) does not determine the spectral shift function 
uj(-) G L 1 (R, jhpdt) up to a constant. 

(ii) Trace formula (|5 .29[) differs from that one of (|5.9[) because the spectral shift 
function cj(-) is not real- valued. Using the results of [2] one gets a trace formula 
of type (|5.9j) for the pair {A, H} if in addition to the assumption (|5.27j) the 
condition 

(A* + i)- 1 -(A- i)- 1 + 2i(A* + i)-\A - i)- 1 G ©?(i5) (5.44) 
is satisfied. Here £>?(£)) stands for the ideal of all compact operators T satisfying 

oo 

E s *( T ) lo s 

fe=l 

where Sfc(T), A: G N, are the singular numbers of T. Note that is a 

strict part of (5i(.f)). In this case there exists a real-valued function $(•) G 



Uco) 
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L 1 (R, jTjsdt) such that the trace formula 

tr ((A- z)- 1 -(H- z)- 1 ) =-- f jP^dt, z G C+, 

holds. If II = {1-L,Tq,Ti} is a boundary triplet for A*, which is regular for 
{A,H}. If A = A B and H = A c , B,C G H], then condition (|S~33|) is equivalent 
to Bi = Im(B) G 61(H). Assumption (j5~^7|) implies B R -C G ©i(ft). 

(iii) For further results on trace formulas for non-selfadjoint operators we refer 
to papers of A. Rybkin [H [SSJ ElD [SHI • 

Let us extend the results to maximal accumulative extensions. 

Theorem 5.10. Let A be as above and let A\, A 2 G Ext a be maximal accumu- 
lative extensions of A such that 

(Aa-crMAi-O^eSift), Cep(l 2 )np(l x ). (5.45) 

and p(A\) n C_ 7^ 0. Then the following assertions are valid: 

(i) There exists a boundary triplet II = {H, Tq, T\} for A* , which can be chosen 
regular for {A 2 ,A 2 }, such that {A 2 ,Ai} G D n . 

(ii) If {A 2: Ai} G T> n , then there exist a complex-valued function lu(-) G 
L 1 (R, — dt) and a constant c G C such that the representation 

a I/aM) = c ex p j R (jh rh) u{t)dt } ' z e c+ ' (5 - 46) 

(iii) The trace formula 

tr ((i 2 - z)- 1 - (A, - z)- 1 ) =-- [ T^To-dt, z G C+. (5.47) 
v ' n Jr (, j ~ z ) 

holds where lo(-) is given by (ii). 

Proof, (i) Since p(A\) n p(A 2 ) D C+ there exists a boundary triplet II by Corol- 
lary |A4|i) which is regular for the pair {A 2 , Ai}. Hence there exist accumula- 
tive operators Bj G [H] such that Aj = A Rj , j = 1,2. By Proposition I2.cr ii) 
condition (|5.45l) is equivalent to B 2 — Bi G &i(H) which yields the inclusion 

(ii) First, let us assume that II = {H, T , Ti} is regular for {A 2 , A{\. Clearly, 
we have B 2 , R - B 1>R G 61(H) and B 2J - B 1A G 6i("H). We set 

B 3 = B 2:R + iB u (5.48) 

and A3 := As 3 , dom(A3) = ker (ri — B^Tq). Since B3 is accumulative, A3 
is m-accumulativc (cf. Proposition 12. 3[) . Since B 2 ~ B3 = i(B 2 j — B\j) G 
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6i(W), {^2 Z A 3 } G 2) n . Furthermore, B 3 - B a = B a , fl - € 61(H), 

hence {A3, Ai} € D u . Therefore the perturbation determinant A - ^~ (•) is 
well defined, 

A\ /A3 (z) = det(I+(B 2 - B 3 )(B 3 - M{z))~ l ) 

= det(7 + i(B 2jI - B hI )(B 3 - M(z))- 1 ), z G C+. 

Since B 2 j — Bu < —B\j = —B 3 j, we obtain from Lemma f5.6f ii) that there 
exist a complex number x E T and a real-valued function ?y(-) 6 L 2 (R, j^-pdt) 
such that the representation 

*W*> = - exp {i X (rb - TT^) ' * e c+ < (5 - 49) 

holds. Further, it follows from (|5.48[) that 

A\ /Ai (z) = det(J + (S3 - - Af(z))" 1 ) 

= det(J + (B 2 ,fl - - M(z))- 1 ), z G C+. 

By Lemma I5.2f ii). there exist a constant c\ > and a real-valued function 
£(■) € L 2 (M, Yppdt) such that the representation 

A W*) = Ciexp {- X (rb " TTt 2 ") e(t)rf 4 ' z e c+ ' (5 - 5o) 

holds. Combining (|5.49p with (|5.50p . applying the identity 

:= £(i) + i?7(t), ( £ R, we arrive at the representation (|5.46p with cq in 
place of c. Finally, if II is not regular we apply Proposition 14.51 to get (|5.46|) . 

(iii) The trace formula (|5.47|) follows immediately from (|5.46j) and Proposi- 
tion EMy). □ 

Corollary^ 5.11. Let A 2 ,A\ G Ext^ be accumulative extensions of A such that 
the pair {A 2 ,Ai} is resolvent comparable, that is condition (|5.45[) is satisfied. 

(i) If (|5.34[) is satisfied, then there is a complex-valued spectral shift function 
io(-) of the pair {A 2 , A\} such that Re (w(t)) > for a.e. f 6 1. 

(ii) If (|5.35[) is satisfied, then there is a complex-valued spectral shift function 
uj(-) of the pair {A 2 , Ai} such that Im(w(t)) > for a.e. tel. 

(iii) If (|5.34l) and f|5 .35[) are satisfied, then there is a complex-valued spectral 
shift function of the pair {A 2 , A{\ such that Re (w(t)) > andlm(ui(t)) > 
for a.e. t G M. 

Proof. By Corollary I4.4f ii) there is a boundary triplet II for A* which is regular 
for {A 2 , Ai} such that A G p(A ) if where A G p{A 2 ) n p{Ai) n R. Hence there 
are bounded accumulative operators B 2 and B\ such that Aj = Ab^ , j = 1, 2. 
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Let us introduce the boundary triplet (|5.15|) . Setting Bj = — (Bj — M(Xq)) , 
j = 1,2, we have Aj = , j = 1, 2. In addition we introduce B 3 defined by 

(|5.38[) and the maximal accumulative extension A3 :~ A^. Now we follow the 
proof of Theorem 15.81 

(i) In this case we get B\ji < B^.r- As above, this yields that £(■) G 
L^R, jr-pdt) can be chosen non-negative in the representation (|5.41|) . Using 

A~ ,-r (z) = A~ ,~ (z)A 1 ! ~ (z), z G C+, taking into account the represen- 

A 2 /Ai v ' A 2 / A 3 K ' A 3 /A x y » Ti o 

tations (fSTITj) and (f5T42]l and setting oj(t) := £(t) + ir)(t), G K, we get 

= / R (^b - T7^) w(<) *' z £ C +' (5 ' 51) 

c G C where Re {ui(t)) > for a.e. t€t. Hence there is a spectral shift function 
satisfying Re (w(i)) > for a.e. t G M. 

(ii) In this case we have -B2,/ < .Si 1. This yields that r](-) in the rep- 
resentation (|5.42[) can be chosen non-negative. This immediately yields that 
Im(w(i)) > for a.e. t G R in the representation (|5.51l) . Hence there is a 
spectral shift function satisfying Im (u>(t)) > for a.e. t G K. 

(hi) Finally, in this case £(•)) > and rj(-) can be chosen non-negative in the 
representation (|5.41[) and (|5.42[) . respectively. Setting oj(t) := £,(t) + i7](t), f 6 f. 
we verify (|5 .5 1[) . Hence there is a spectral shift function satisfying Re (ui(i)) > 
and Im(w(i)) > for a.e. tel. □ 

5.3 Pairs of extensions with one m-accumulative operator 

Here we consider trace formulas for pairs {A 1 , A} of proper extensions of a closed 
symmetric operator A assuming that A' is m-accumulative extension. 

Lemma 5.12. Let U = {T-L,Tq,Ti} be a boundary triplet for A*, M(-) the 
corresponding Weyl function and let B G [H] be an accumulative operator, i. e 
Bi < 0. 

(i) 7/0 < V + < 2\Bi\ = -2Bi, V G &i{H), then the holomorphic function 
w + (z) := det(7 + iV+(B — Af(z)) -1 ), z G C+, is contractive. In particular, 
there exist a non-negative Borel measure //+(•) satisfying J R d/j, + (t) < 00 as 
well as numbers x + G T and a + > such that the following representation 

w + {z) = x + B + (z)exp|l^ (j^ - ^-^j dfi + (t)} e ia +* (5.52) 

z G C+, holds where B+(-) is the Blaschke product formed by the zeros {z^}i-£n 
ofw+{-) in C+, cf. (QT21) . 

(ii) If V < 2|Sj| = —2B[ and V G 6i("H), then the perturbation determinant 
w{ ) := det(I + iV(B — M(-)) -1 ) belongs to the Smirnov class A/" + (C+), see 
Appendix\^ In particular, there exist a non-negative Borel measure /**+(•) > 
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satisfying J R d/J,+ (t) < oo, a non-negative function T](-) G £ 1 (R, cfe) as 
weH as numbers h € T, a > smc/i i/iai 

W (z) = ^6 + (z) C xp|^^^-- T ^^d A1 (i)|e M2 , z£C+, (5.53) 

where /i(-) := — v(')dt and B+(z) is the Blaschke product formed by the 

zeros of w(-) lying in C+. 

Proof, (i) Wc introduce the holomorphic operator- valued function 

W+{z) ■=I + i^/V^{B-M(z))- 1 ^/V^i zeC+. (5.54) 

Since Bj < 0, Im(M(z)) > and G p{lm(M(z))) for z e C+, the operator 
(B — M(z))^ 1 is well-defined and bounded for z € C+. Further, we have 

I-W+(z)*W+(z) 

= iy/V^^B* - M(z)*)- 1 — (B — A/(z))- 1 ) v ^ 
-^/V^{B* - M(z)*)- 1 V+ (B - M{z))- l ^/V^. (5.55) 

Noting that 

(B* - M(z)*)^ 1 — (B — M(z))~ 1 (5.56) 
= -2i(B* - M(z)*)- 1 ■ (\B T \ + Mj(z)) ■ (B - M(z))-\ 

we obtain from (|5~55| that 

I-W + (z)*W + (z) 

= </V+(B* - Ar(z))" 1 • (2|5/| -V+ + 2Im(M(z))) • (B - M(z))- 1 v /^. 

Since V+ < 2|5/| and Im(Af(z)) is positively definite, we have I — 
W+(z)*W + (z) > for z G C+, i.e. W+(-) is contractive in C+. Hence 
w + (-) = dctW+(-) is contractive in C+. Now the representation (|5.52[) im- 
mediately follows from the factorization (|D.3|) . 

(ii) Let V = V + -V-, V± > 0. We set 5_ := B - iVL. Since = 
Bj — V- < 0, the operator B_ is accumulative too. According to (|5.6p we get 

^^<"-^»->- ^:^::%{{:ii - <^> 

The assumption V < -25/ yields < V+ < -25/ + F_ < -25/ + 2F_ = 
—2(5_)/. Applying statement (i) to the operators B- and V+ we obtain that 
det(I + iV+(B- — M(z))^ 1 ) is a contractive analytic function. Furthermore, 
from < V- < -5/ + V- = -(£_)/ and Lemma PxBTi) we get that det(7 + 
iV-(B_ — M(z))~ 1 ) is an outer function. Applying Lemma [D.ll wc complete 
the proof. □ 
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Theorem 5.13. Let A', A G Ext a ond let A be an m- accumulative extension 
with p(A) n C_ 7^ 0. Assume in addition, that condition (jl.6p is satisfied for 
some £ G p(A') n p{A). Then the following holds: 

(i) There exists a boundary triplet II = {H,To,Ti} for A*, which is regular for 
{A', A} and such that {A', A} G D n . 

(ii) If {A 1 , A} G £> n , then there exist a non-negative Borel measure p+(-) sat- 
isfying J dp+(t) < oo and a complex-valued function uj(-) G L 1 (R, ^r^z dt) 
as well as constants a+ > and c G C swc/i i/iai i/ie representation 

A^) = cB +W «p{i / R (^-T^)^)} eM+Z ' ^ 

2 G C+, ZioZds where dv(-) := u(-)dt + idp+{-) and $+(•) is £/ie Blaschke prod- 
uct (cf. (|D.2|) ) formed by the eigenvalues of A' in C+ and i/ieir algebraic 
multiplicities satisfying condition (|D.1|) . 

(iii) T7ie following trace formula holds 

tv ({% -z)~ x -{A-z)~ l \ (5.59) 
= _ 2 .^ m^Im(4) _ W 1_ zep( i')nC + . 

Proof, (i) Since A is m-accumulativc, C+ C p(A). Therefore and due to the 
assumption p(A)nC„ 7^ 0, the conditions of Proposition [5751 are satisfied, hence 
the extension A is almost solvable. Now the existence of a regular boundary 
triplet II is implied by Corollary I4.4f i) and the assumption (|1.6|) . 

(ii) Let LT be regular for {A 1 , A}. By definition, there exist bounded operators 
B' , B G [H], such that A' = Ab> and A = As- Since A is m-accumulative, by 
Proposition 12. 3f iii). the operator B is accumulative too, i.e. Bj = Im (B) < 0. 
By Proposition I2.6f ii) condition (|1.6j) is equivalent to S' — B G ©i("H). Hence 
61 (H) and V := ^ - 5/ G 61(H). We set 

G:=B' R + iBi. (5.60) 

Since -B is accumulative, the operator C is also accumulative, Gj = Sj < 0. 
Let V = B'j — Bi = V + — V- , V± > 0, be the orthogonal decomposition of the 
operator V = V* . We set 

D:=C-i(V+ + V-) (5.61) 
and note that D is accumulative because so is C and V± > 0. Since 

B' — D = B' R + iB'j — B' R — iBj + i(V+ + VI) = 2iV+ G Si(«), (5.62) 
we get {A', A D } G D n . Notice that 

2V+ < -25/ + 2V" + + 2V*_ = -2(5/ - V + - V_) = -2D!. 
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According to (j5~Mj) one has A5 (.) = det(I+2iV+{D-M(-))- 1 ). By Lemma 
I5.12f i), (•) is contractive in C + and admits the representation 



t-z l + t 2 



dn+(t)\e ia + z (5.63) 



where x + G T, a+ > 0, /j+ is a non-negative Borel measure on K satisfying 
J R YppdiJ,+ (t) < oo and is the Blaschke product, cf. (|D.2[) formed by 

zeros z+ 6 C + of (■). By Proposition [O^iv) , (cf. formula ([1712]) ). 

each zero of Aj~ (■) of the multiplicity is just the eigenvalue of A' 
lying in C+, and is its algebraic multiplicity. In particular, this yields that 
{z£}keN = Gp(A') n C+, and the eigenvalues {z,i~}fceN satisfy condition (ID. II) . 

Furthermore, since {A 1 , A} G £> n and {A',A D } G 2) n , we have {A D ,A} G 
T) n . Note that the extension Ad is m-accumulative since D is m-accumulative. 
Thus, both Ad and A are m-accumulative and, by Theorem l5 . lOf ii) . there exists 
a complex-valued function u(-) G L 1 (R, a dt) and a complex constant cj)£C 
such that the following representation holds 

a a d ,a( z ) = c ° ex p{^X(^"TT^) w( * )dt }' zeC+ ' (5 ' 64) 

Using the chain rule A5 ( z ) = A3 (-z)A" ,~(z), z G p(A) n C+ (cf. 

A /A j4 I J\e> Ad/A 

Proposition ^. 8f ii)). and combining (|5.63l) with (|5.64[) we arrive at representation 
(|5.58|) with c := CdX_|_ and dv (t) = uj(t)dt + idfi + (t). 

The case of a boundary triplet n which is not regular for the pair {A' , A} is 
reduced to the previous one by applying Proposition 14.51 

(iii) Trace formula (|5.59|) is implied now by combining (|5.58|) with Proposi- 
tion OTv). □ 



Using the Riesz-Dunford functional calculus, cf. Appendix [F] wc extend 
trace formula (|5.59|) to the case of analytic functions of the class T(A, A'). 

Corollary 5.14. Let the assumptions of Theorem \5.13\ be satisfied. Let 
{z^jfceN = o-p(A') n C+ and let be the algebraic multiplicity of z£, ieN. 
//$ G J 7 {A, A'), cf. Appendix\B then $(A') - $(A) G &i{Sj) and 

tr (<f>(A')-$(A)) = (5.65) 

£ m+($(z+) - $(z +)) + I / $'(t)di/(t) + ia+re Soo ($), 

where zt are the eigenvalues of A 1 in C+ and mt their algebraic multiplicities. 



Proof. From Lemma IFTTI it follows that - G 6i(£). Multiplying 

(|5.59|) with $(z) and integrating both sides with respect to dz we obtain imme- 
diately ([51)51) usin g formulas ([FT]) , (|R2|) . (|F~4|> and (|P31) of Appendix [0 □ 
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5.4 Pairs of an extension and its adjoint 

Next we consider perturbation determinants and trace formulas for pairs 
{A, A*} of proper extensions A, A* £ Ext a assuming that p(A) n p{A*) ^ 0. 

Theorem 5.15. Let A £ Ext a and p(A) n p{A*) ^ 0. Assume also that 

(A-Q- 1 -(A*-C)- 1 e@i(Si) > tep(A)np(A*)- (5.66) 

Then the following holds: 

(i) There exists a boundary triplet II = {%, Y$, Y{\ for A* , which can be chosen 
regular for {A, A*}, such that {A, A*} £ D n . 

(ii) If {A, A*} £ J) n and the triplet II is regular for the pair {A, A*}, then 

A£ /jr .(*) = det(W£(*)), zep(2*)nC±, (5.67) 

where W~?(-) is the characteristic operator-valued function of A defined by (|3.3|) . 
cf. Provosition \3.9l 

(iii) If {A, A*} £ 2) n , then there exist a real-valued measure p onM. satisfying 
J*r ilt 2 1^1 ft)] < 00 a nd constants a £ M and c € C such that the representation 

A **<«> /, (rb - it?) ""<"} e '" <" 8 > 

ZioWs /or z € p(^4*) H C+ where $+(•) and ^-(') are Blaschke products (cf. 
(|D.2|) ) formed by the zeros {z^}k^n and {zj~}z e N, w/iere {z^}fc S N and {^Tl'eN 
are eigenvalues of A in C+ and C_ , respectively, and and m~[ their alge- 
braic multiplicities, respectively. Both sequences {z^}k&i and {zf}ken satisfy 
condition (|D.1[) . 

(iv) The following trace formula holds 

tr ((A*-*)" 1 -(A-*)" 1 ) (5.69) 




-^dp(t) + ia, 



z £ p{A*) H H C+, where z n and m n denote the eigenvalues of A in C \ M 
and t/ieir algebraic multiplicities, respectively. 

Proof, (i) Let z G p(^) H Then z £ p{A) n and, by Proposition 

13. 5[ the extension A is almost solvable. By Corollary I4.4f i). there exists a 
boundary triplet II regular for {A, A*} and satisfying {A, A*} £ Q n . 

(ii) Assume that {A, A*} £ D n and II is a regular boundary triplet for 
{^4,^4*}. By definition, there exists a bounded operator B £ [H] such that 
A = Ab and A* = Ab* ■ Let Bi := J\Bj\ be the polar decomposition of 
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Bj = (B — B*)/2i = B} where J = J* = J~ l . From {A, A*} g £ n and 
Proposition EBfii) we get B - B* = 2iBi g 6i(%), Sj := 11X1(5). Taking into 
account the property (jA.lj) we get 

A5 /; -.(z) = det(7 + (-B — B*)(iT - M(z))" 1 ) 

= det(J + 2i^\B~7\{B* - M{z))~ 1 \f\B~i\J), z g p(A*) n C±. 

Applying Proposition 13.91 we arrive at (|5.67|) . 

(hi) Let a boundary triplet II be regular for {A, A*}. Consider the spectral 
decomposition Bi = Bf — By of Bj 7 where Bf are orthogonal, Bf > 0, and 
Bf g &i(H). Alongside B consider the dissipative operator B\ = Br + i\Bi\ = 
Br + iBf + iBJ and the corresponding extension A' := Ab*- By Proposition 

I2.3f iii). A' is maximal accumulative. We note that {A, A'} g S) n . To the 
perturbation determinant A^_ (-) we can apply Lemma 15.1214 ) with B^ in 

place of B and V+ := 2Bf < — 2Im(i?j). This yields the representation 

A^,W = x f fl +W «p{l J^-^y^e^, (5.70) 

z G C+. Here >r + g T, a + > 0, v+ is a non-negative Borel measure satisfying 
f R (l + t 2 )~ 1 du + (t) < oo, and $+(■) is the Blaschke product, cf. (|D.2I) . with 
zeros {z^"}fc S N- By Proposition |4.8f iv). {z^}keN = °>(^) H C + and the order 
m^" of zero 2^ equals to the algebraic multiplicity of z^ as the eigenvalue of A. 
Next, consider the perturbation determinant A ~ ^, (•). Again Lemma 

I5.12f i) yields the representation 

- - fi-W«p{^ / r - ^) ^-(t)}e— , 2 g c + . 

(5.71) 

Here B-(-) is the Blaschke product, cf. (|D.2|) . with zeros {Cfc~}fceN being the 
eigenvalues of A* in C+. Moreover, the order rif, of zero Ci~ is equal to the alge- 
braic multiplicity of as the eigenvalue of A* . Note however, that g a p (A*) 

if and only if z7 '■= C,t ^ a p(A) an d the corresponding algebraic multiplicities 
ri^ and mj~ coincide, rif, = ml. Thus, the Blaschke product B— (•) is defined by 
the complex conjugated eigenvalues zr of ^4 lying in C_ and taken with orders 
equal to their algebraic multiplicities. 
Combining (|5.70j) and (|5.71|) with the chain rule 

A3 ~ (2) 

A AM.( z )= A n /A \v zep(A*)n P (A)nC + , (5.72) 

and setting c := — , /i := /i + — /i_ and a := a + — a_, we arrive at (|5.68p . 

To prove (|5.68p for any (not necessarily regular) boundary triplet n satisfying 
{A*, A} g J) n it remains to apply Proposition 14.51 
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(iv) Taking into account (|5.59|) we find 
tr ((2-z)- 1 -(l'-z)- 1 ) 



Emtlm (zt) i f 1 , , , 

(z-lJ% --J R —> d >' +i,) -' a + (5J3) 



A- 



for z e p(A) n C+ and 

tr ((A* - z)- 1 - {A 1 - z)- 1 ) 

„ m7lxa(z7) if 1 - . 

■^ F^ -;],^-" (5 ' 74) 

for z € p(J5*) n C+. Subtracting (f5""T3")) from (f5""T4]) we easily obtain (f5~"6T)]) . □ 

Corollary 5.16. Lei i/ie assumptions of Theorem \5.15\ be satisfied. If $ € 
j4*), tfierc - $(!*) e 6i(£) and 

tr ($(2) -*(!*)) = (5.75) 
Vm„($(z„) - $(z„)) + - / <f>'(t)d/j.(t) +iareSoo($) 

where z n are the eigenvalues of A inC\l andm n their algebraic multiplicities. 

Proof. The inclusion $(^4) — $(^4*) g ©i(fj) immediately follows from (|5.66|) 
and Lemma iFTl Further, we multiply identity (|5.69[) by $(•) and then integrate 
the result along a simple closed curve T containing the spectra <j(A) U <t(A*). 
Applying formulas (|F.4|) . (|F.2|) and (|F.5|) we arrive at formula (|5.75l) . □ 

Remark 5.17. Corollarv l5.16l generalize the known result of V. Adamyan and 
B. Pavlov [3] and coincide with that in the case of an m-dissipative operator A 
with p(A) n C + ^ 0. The result has obtained in [3] by applying a functional 
model of TO-dissipative operators [61] . 



Next we complete and simplify Theorem 15.151 assuming, in addition, that 
the resolvent of an extension is compact. 

Theorem 5.18. Let the assumptions of Theorem \5. 15\ be satisfied. If, in addi- 
tion, (A — z)~ x £ ©oo(io), then the following holds: 

(i) If {A, A*} € 55 n , then the perturbation determinant A-y-^-) is holomor- 
phic in a neighborhood of the real line R and 

|A5~.( X )| = 1 for (5.76) 
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(ii) If {A, A*} G S) n , then the representation (|5.68p is simplified to 

A^( Z ) = c|±||e-, q£1, ze p(A) nC+. (5.77) 

(iii) The following trace formula holds 

tr ((A* z)^ -(A- z)- 1 ) = 2z £ + fa (5 . 78) 

for z G p{A*) H p(A). In particular, if a = a G i/ien 

i/2 = tr (Im (1* - a)- 1 ) - ^ Im ( (5.79) 



a 



where z n and m n are the eigenvalues of A in C \ R and i/ieir multiplicities, 
respectively. 

Proof, (i) Let II be a boundary triplet for A* regular for {A, A*} such that 
{A, A*} G £ n , cf. Theorem r5.15f i). Since (A* - z)" 1 is compact for z G 
the perturbation determinant A~^~ t (-) is meromorphic in C. 

Since IT is regular for {A, A*}, one has A = A B = A* \ kcr (ri - BT ) and 
A* = Ab* where B G [H]. Therefore the real part An of A is well defined, 
Ar := Ab r - Since Bj G 6i, the perturbation determinants A- ^~(-) and 

A 1 ! . ~ (■ ) are well defined and 

A R /A* y ' 

A5 fl/1 (z) = det(J + {B R - B)(B - M(z))" 1 ) = det(J - - M(z))" 1 ), 

z G n p(Ao), and 

A ^ /X,0) = dct( I + (B R - B*)(B* -M(z))- 1 ) = dct(I + iB!(B* - M(z))- 1 ), 

Ar/ A V ' 

z G /o(A*) n p{Aq). Moreover, by Proposition I4.6i the determinants A- -(•) 

Ar/ a 

and A~ ~ (•) admit holomorphic continuations from p(A) n p(A*) n p(^4o) to 

Ar/ A* 

p(A) and respectively. Since the resolvents of A and A* are compact the 

determ 
we get 



determinants A^~ -(•) and A- (•) are meromorphic. According to (|4.14[) 

j4fj/j4 Ar/A 



A x R/ A*w = An A R/ A®> «Mn 



In particular, we have 



Using this identity and applying the chain rule we get 



a a/a*( x )= , .ep^n^np^jni. (5.80) 
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It follows that |Ax^»(a:)| = 1 for x e p(A) n p{A R ) n R. Since (A R - z)- 1 G 
©oo(^), z G the operator ^ has also discrete spectrum, <t(Ar) = <Jd(An). 

Thus, |A_j/_j»(a;)| = 1 for x outside a discrete set (<t(Ar) U (t(A)) n R. Hence 
any possible real pole £0 of the meromorphic function A~y~^(.) is removable. 
Thus, |Aj/jj, (x)\ = 1 for any x E R which shows that A^,j»(-) is holomorphic 
in a neighborhood of R. 

(ii) Clearly, the extension A' = Ab*, B\ := Br + i\Bi\, is m-accumulative. 
Moreover, since B — B\ = 2i\Bi\ G &i(W), it follows from Proposition I2.(if ii) 
that the resolvent of A' is compact, i.e., the spectrum of A' is discrete. Hence, 
the perturbation determinant F + (-) := A 3 _ (•) is holomorphic in C+ and mero- 
morphic in C. In particular, -F+G) admits a holomorphic continuation through 
R \ cr(A') = R \ (Jp(A') where, of course, cr p (A') n R is a discrete set. From 
[22l Theorem II. 6. 3] we find that the inner and outer factors -Zf+G) an d Of + G)> 
respectively, of the contractive in C+ holomorphic function F + (-) := A - -,(•), 

cf. Appendix [Dl admit also a holomorphic continuation through R \ cr(A'). 
Since the Blaschke product £?+(') admits a holomorphic continuation through 
R\ <Tp(A') we get that the singular factor 5f + G) ( c f- (|D-5[) ) has this property. 
By [221 Theorem II. 6. 2] the singular part /i* of the measure /i+ is supported on 
1(1 cr(A'). Thus, the singular continuous part |U+ of the measure /Lt+ is missing, 
i.e. = 0. Hence, pf + is atomic and supported on a (A'), i.e. 




x€l \ p(A'). By a straightforward computations it follows from (|D.3[) that 

lim [A3 , r ,(x + iy)\ = e^VO) for a.c. x G R. (5.82) 

— H-0 A/A 

By the same reasoning we get that the singular factor Sf_G) 01 -Z^-G) : ~ 
A^» I (■), (cf. (|D.5[0 admits the representation 



(5.83) 



x G R\ ct(A'), and /iff = 0. Moreover, it follows from ([5~TTjl that 

lim I A3 U +iy)\ = e-f'-to for a.e. iel. (5.84) 

Combining ([5^80]) with ([5782]) and (f5T84|) we get 

|A3 ~ = e -Cf for a.e. x G R. 
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Since |A~ ,£,( x )\ = 1 for a: G R we get H+(x) = fJ-'_(x) for a.c. x G R, i.e. 
/i" c = /i1 c . Hence Of + (z) = Of_(z), z G C+ which yields the representation 

A/ A* ^ ' F _( z ) /f (z ) x _B_( Z )5 F _(2) ' j +' 

Since the spectrum of A is discrete the eigenvalues of A in C+ cannot accu- 
mulate to the real axis. Hence the limit B+(x) = lim y _ ) . + oB+(x + iy) exists for 
any i£l and the limit function B+{x) is continuous. Moreover, = 1 

for Similarly one shows that the limit function B- (x) is defined every- 

where, is continuous and |£?-(.t)| = 1 for x G R. Hence is continuous. 

Therefore the limit function S(x) := limj / _ i . + o (z+iy) exists everywhere and 
is continuous. Combining (|5.81|) with (|5.83j) we get the representation 

L tfcScr(A')nR 

for x € R\cr(A'). It is easily seen that the function S(-) is continuous at tk if and 
only if M+({*fc}) = Mi({*fc}), *fc e cr(l') PI R which yields S(x) = 1 for x G R. 
Thus, we arrive at the representation (|5.TT[) with c := and a := a+ — a_. 

To prove (|5.77[) for any (not necessarily regular) boundary triplet n satisfying 
{A*, A} G D n it remains to apply Proposition 14.51 

(iii) Formula (|5.78[) follows from (|5.69[) with the measure \x = 0. Formula 
flO)} follows immediately from ([5J8]) . □ 

Corollary 5.19. Let i/ie assumptions of Theorem \5.18\ be satisfied. If $ G 
J"(A, A*) ; tfien $(,4*) - $(A) G 6i(J5) and 

tr ($(i) - = E m„($(z Il ) - $(!„)) + j a rc Soo ($) 



where {z„} n gi are £/ie non-real eigenvalues of A and m n their algebraic multi- 
plicities, respectively. 

Proof. Corollary EHU follows from Corollary [5T6] setting /i = 0. □ 
Remark 5.20. 

(i) If A is m-dissipative, then the perturbation determinant Ar^,^) is holo- 
morphic and contractive in C+ and due to (|5.76|) it is an inner function in C+. 

In contrast to this fact, in the non-dissipative case the perturbation determi- 
nant A~ (•) admits the representation A I ~^~^{z) = p + (J) , z G C+, where the 
numerator and the denominator might really have outer factors despite of the 
analyticity of both determinants on the real line and the necessary condition 
|A5 (a;)| = 1 for x G R (cf. (I5T7S1) ). 
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(ii) Notice that the non-dissipative operator A might have real eigenvalues even 
if it is completely non-selfadjoint. However these eigenvalues do not appear 
in the representation (|5.77[) neither in the trace formula (|5.78p . This fact is 
not surprising since if Ao = Ao € cr p {A) then Ao G a p (A*) and dimker(A — 
Ao) = dimkcr (A* — Ao) and these zeros cancel out in the representation (|5.77[) . 
Due to formula (|5.67[) such eigenvalues do not appear in the determinant of 
the characteristic function In this connection we mention the paper 

|62] where it is shown that even singular factors cancel in a formula for the 
determinant of the the characteristic function. 

Theorem 15 . 181 allows to indicate a condition which guarantees the complete- 
ness of the root vector system, cf. Appendix IE1 

Corollary 5.21. Let the assumption of Theorem \ 5.18\ be satisfied and let us 
assume in addition that A is a maximal dissipative operator. The root vector 
system of A is complete if and only if a = 0. 

Proof. Let A be a maximal dissipative extension of A such the p(A) ^ 0. Since 
(A — z)^ 1 is compact for some z <G p{A) there is a real number a <G p(A). Hence 
a G p{A*). Let R := (A* — a) -1 . A simple computation shows that R is a 
bounded dissipative operator. From (|5.66[) one gets that (A* — a) -1 — (A — a) -1 
is a trace class operator. Hence R — R* is trace class operator which yields 
Ri := Im (R) is a trace class operator. Since R is dissipative we obtain from 
(j5T79|) that 

tr (Ri) = V" m„Im (/*„) + -, p n := , 

^— ' 2 z n — a 

n 

where z n and m n the eigenvalues of A in C+ and their multiplicities. Since A 
is maximal dissipative it holds a > 0. We note that p n are the eigenvalues of T 
and m„ their multiplicities. Applying Theorem V.2.1 of [32] we prove that the 
root vector system of R is complete if and only if a = 0. Using Lemma lG.ll we 
get that root vector system of A is complete if and only if a = 0. □ 

5.5 Annihilation functions for dissipative extensions 

We are going to prove a Cayley-Hamiltonian-type theorem for maximal dissi- 
pative extensions of a symmetric operator A with finite deficiency indices. Let 
A be a densely defined closed symmetric operator. A point z E C is called of 
regular type of A, cf. Q] Section VIII. 100], if there is a constant c > such that 
|| (A - z)f\\ 2 > c\\f\\ 2 , f € dom(A). By ft (A) we denote the set of all points of 
regular type of A. 

Proposition 5.22. Let A be a simple closed symmetric operator in fj with 
finite deficiency indices n :— n + (A) — n—(A) < oo and let II — {"H, To, Til 
be a boundary triplet for A* . Further, let A £ Ext a be a maximal dissipative 
extension of A such that A = As with B € [H]. Assume that p{A) = C. Then 
the following holds: 
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(i) The resolvent of A is compact, i.e. the spectrum of A is discrete. 

(ii) Ifker(Bi) = {0}, Bi = Im(_B), then A is completely non- self adjoint. In 
particular, M C p(A). 

(iii) If A is completely non- self adjoint, then A belongs to the class Cq . More- 
over, the perturbation determinant d(z) := A~ ij»( z )> z G * s an annihilation 

function for A. 

(iv) If A is completely non- self adjoint and complete, then the annihilation 
function d(-) is minimal for A if and only if the geometric multiplicity of 
any eigenvalue z of A is one, i.e. dim (ker (A — z)) = 1 or, equivalently, 
dim (ker (B — M(z))) = 1. In particular, d(-) is minimal if n±(A) = 1. 

Proof, (i) Follow [TJ Section 105] zeC belongs to the continuous spectrum of 
A if z G C \ p(A) and ran (A - z) is not closed. By [TJ Theorem 100.1] all 
sclfadjoint extension of A have the same continuous spectrum. Since p(A) = C 
we find that for all selfadjoint extensions the continuous spectrum is empty. 
Hence, for any selfadjoint extension the continuous spectrum is discrete which 
shows that the resolvent of any selfadjoint extension of A is compact. Applying 
Krein formula (|2.7[1 we find that the resolvent of any other extension is compact, 
too. 

(ii) Let us show that A is completely non-sclfadjoint. From Proposition 12.31 
it follows that the operator B has to be dissipative, i.e. lm(B) > 0. 

Since the spectrum of A is discrete, it suffices to show that A has no real 
eigenvalues. Let us assume that x G a(A)DM. It follows from the Green formula 
(|2.ip that for any i€l the following identity holds 



Let / G ker (Ab — x). Since ker (£?/) = {0}, the above identity yields Tof = 
and Tif = BT f = 0. Thus, / G dom (A) and / G ker (A — x). This contradicts 
the simplicity of A. Thus, R C p(A)). 

(iii) Since A has finite deficiency indices, {^4, A*} G 55 n . Thus, the per- 
turbation determinant d(-) := A~^~ t (-) exists on p(A*). By Theorem 15. 15f iiL 

d(z) = det(WV(^)), z G p(A*)Dp(Ao) where W^(-) is the characteristic function 
of A defined by Q with 3 = 1. 

Since A is m-dissipative, the characteristic function W / j(-) is contractive in 
C+. Hence, d(-) is contractive in C+. Further, since, by (i), the resolvent of A is 
compact, it follows from Theorem I5.18f ii) that d(-) is an inner function. Hence 
Wr(-) is an inner operator- valued function (see [SB Corollary V. 6. 3]). Applying 
[611 Proposition VI. 3. 5] we obtain that A belongs to the class Co. 

Similarly, since the operator —A* is m-dissipative too, its characteristic 
function W_^,(-) is also inner operator- valued function in C+. Hence —A* 



Im ((A B - x)f, f) = -i[{BT f, T f) n - (T f, BT Q f) H ] 




2 



2(B I r /,r /) w = 2 VBjTof , /Gdom(A*). 
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belongs to the class C. o which is equivalent to the inclusion A <G Co.. Therefore 

AeC. nC . =C 00 . 

Since n±(A) — n < oo, the contraction Tj = (A — i)(A + i)^ 1 (cf. Ap- 
pendix [HJ, has equal finite defect numbers, i.e. dim f ran (J — T~Tj)^ = 

dim (ran (J - TjTi)) < oo. By [HJ Theorem VI.5.2], € C and the de- 
terminant <*(•) = det(W5(.)) defined on C+, is an annihilation function for A , 

i.e. d{A) = d{T x ) = 0, cf. Appendix El 

(iv) Let {ej}™ =1 be a fixed orthonormal basis in T-L. Denote by the 
matrix representation of the characteristic function Wj?(-) with respect to the 
basis {&j}™ =1 . By adj (6^(-)) we denote the adjugatc matrix of Qjj(-). Note 
that alongside the matrix Ot(') the adjugate matrix function adj (0^(z)) is 
holomorphic and contractive in C+ too (cf. the proof of [52 Proposition V.6.1]). 
By [53 Theorem VI.5.2], the determinant d(-) := det(9 y j(-)) = det(Wj3(-)) of 

coincides with the minimal annihilation function mjj(-) of A if and only 
if the entries of adj (6r(')) have no common non-trivial inner divisor in the 
algebra H°° {€.+). 

On the other hand, by (iii), the operator 4 e Co. Therefore it is com- 
plete if and only if the determinant d(-) is a Blaschke product (see [53l Sec- 
tion 4.5]). Therefore it follows from the identity adj (Qr(z)) ■ Qj{z) = d(z)I n 
that each common divisor </?(•) of the entries of adj (Ox(-)) nas to be a di- 
visor of d(-). Therefore ip(-) always contains a Blaschke factor, i.e. it ad- 
mits the representation Lp(-) = (p\ (-)b" l o ° (•) where b™°(-) is a Blaschke factor 
V%>(z) := (e MO (z-z )/(z-zJT)) m °, m > 1, z G C+, cf. Clearly, 
the latter happens if and only if adj (0r(zo)) = 0„ := • /„. However, 
adj (Q^(zq)) = n is valid if and only if rank(0^(zo)) < n — 2, that is, 
dim(ker(6 1 (z ))) = dim (ker (W%(z ))) > 2. 

Further, by Proposition I2.5f ii). dimker(^4 — z) = dimker(£? — M(z)) for 
any z £ p(Ao). Let us show that 

dim(ker(W r |(z ))) = dim (ker (B - M(z ))), z g C+. (5.85) 

Indeed, setting T x := 2i(B* - M{zq))~ 1 B 1 i /2 and using ker(Bj) = {0} one 
immediately verifies that ker(Ti) = {0}. Further, we note that WA B { z o)ho = 
if and only if h G ker (7 + B 1 / 2 ^). If h € ker (I + B\ l2 T{), then Ttho € 
ker (7 + T-lB 1 / 2 ) which yields dim (ker (I + B 1 / 2 ^)) < dim (ker (I + T x b\ 12 ). 
Conversely, if h t e ker (I + T x b\ 12 ), then B\' 2 h x e ker (I + B 1 / 2 ^) which 
proves dim (ker (I + TiB 1 / 2 )) < dim (ker (B) /2 Ti)). Hence 

dim (ker (W A (z )) = dim (ker (I + B 1 / 2 ^)) = dim (ker (I + TiB 1 / 2 )). 

Combining this relation with the identity I + TiB) /2 = (B* - M(zo))~ 1 (B - 
M(zq)) we arrive at (|5.85[) . Thus, d(-) = A~ ,j, (•) is a minimal annihilation 
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function if and only if dim(kcr(_B — M(z))) = 1 for z € cr(A) which yields 
dim(ker (A- z)) = 1. □ 



6 The case of additive perturbations 

Here we extend some results of Section [5] for extensions to the case of additive 
trace class perturbations of m-accumulative operators. We emphasize that all 
results of this section are new for the case additive perturbations. 



6.1 The pairs of m-accumulative operators 

We start with two technical statements. 

Lemma 6.1. Assume that H and H' are maximal accumulative operators in 
and V S Then 

lim y 2 tr ((H' - iy)- l V(H - iy)' 1 ) = -tr (V). (6.1) 

Proof. The proof is based on the following statement: Let {Z(y)} y& s. + be a 
family of bounded operators such that s-lim J ,_j. 00 Z(y) = Z. If V € ©i, then 
Z(y) := Z{y)V G ©i(Jrj), V G R+, tends to ZV in the ©x-norm, see 01 Theorem 
III.6.3]). 

Let Z(y) := y 2 (H - - iy)~ x , y £ R+. Since H and H' are m- 

accumulative, 

s- lim y(H — iy)~ = il and s- lim y(H' — iy)^ 1 = il, 

which yields s-lim^oo Z(y) = —I. Applying the statement above we get 
lim^oo \\Z(y)V + V\\ &1 = 0. Hence 

lim yhr ({H' - - iy)- 1 ) = lim tr (Z(y)V) = -tr (V) 

y— >oo y— foo 

which proves (|6.ip . □ 

Corollary 6.2. Let V G and let H he maximal accumulative in fy. 

Let also Vi := Im (V) = V} + - Vf where V? > 0. // W := H + V, then 
z = x + iy e p(H') for y > || V} + || and (|B~T1) holds. 

Proof. We note that the operator H' — i||Vf + || is accumulative. Using the rep- 
resentation H' - iy = H' - i\\Vf\\ - i(y - \\Vj + \\) we find that i(y - \\Vj + \\) £ 
p(H'-\\Vj + \\) provided that y-\\Vj + \\ > 0. Since i(y- \\Vj + \\) G p{H) it remains 
to apply Lemma |6. II □ 



Next we present a counterpart to Lemma 15.21 for additive perturbations. 
Lemma 6.3. Let H be a maximal accumulative operator. 
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(i) If < V+ = VI € ©i^), i/ien there exists a non-negative function £+(•) € 
L 1 (R) suc/i i/iai the representation 

dGt(l + V+{H - z)- 1 ) =cxp(i / it^dtj, zgC+, (6.2) 
holds and tr (V+) = — / K £+(i)di ?s satisfied. 

(ii) If V = V* G &i(Sj), then there exists a real-valued function £(•) € L 1 (R) 
swc/i £/iai £/ie representation (|6.2|) is m/id wzt/i V and £(■) m pZace of V+ and 
£+(•)> w particular, 

tr(V)= and [ \£(t)\dt < \\V\\ ei . (6.3) 

Proof, (i) Let V = V+ > 0. We mimic the proof of Lemma I5.2f i) replacing 
B and M(z) by -ff and and z, respectively. Doing so we find a non-negative 
function £+(•) satisfying / ytF^+W 6 ^ < 00 an< ^ a positive constant c + such 
that the representation 

det(7 + V+(H - z)- 1 ) = c+ cxp |± jf - ) (i)dil , (6.4) 

z G C+, is valid. Setting T(z) := y / T 7 ^(iJ — z) -1 -^/^, z G C+, we define a 
family of dissipative operators. Clearly, lim y _ i . 00 ||T(x + ij/)|| = 0, x G M. Hence, 
G p(I + T(x + iy)) for any fixed igl and sufficiently large y > 0. Thus, for y 
large enough we can take logarithm of both sides of (|6.4|) using definition (jC.lj) . 

logdet(/ + V+(H - z)- 1 ) = log(c + ) + - [ ( -L - _^_") e+(t)dt, (6.5) 

z G C+. Hence 

Im (log det(7 + T(z))) = - / V ——£ + (t)dt, z = x + iyeC+. 

n Jr ( l ~ 21 j + y 

Using (|C.3|) we obtain 
Im (tr (log(J + T(z)))) = - [ ^—^(t)*, z = z + iy G C+. (6.6) 

^ Jr ( l ~ x ) + y 

It is easily seen that s — limy-foe (H — x — iy)^ 1 = and s — lim 2/ ^ 00 (— iy)(H — 
x — iy)^ 1 = I. Since V+ G © i (-Q ) , it follows with account of [32j Theorem 3.6.3] 
that 

lim \\T(x + iy)\\e-L = an< i li m ll( — iy)T{x + iy) — V+Hs! = 0. 

yfoo ytoo 

Combining these relations with definition (|C.2[) we obtain 
lim ylog(/ + T(x + iy)) 

Vtoo 

= - lhn(-iy)T(x + iy) hm / (I + T(x + iy) + iA) _1 (l + iX)~ l dX 
= -V+ [ (1 + iX)~ 2 dX = iV+ 

JWL+ 
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for any fixed x £ R. Notice that the convergence takes place in the ©i-norm. 
Hence for any fixed igl 

lim ylm (tr (log(7 + T(x + iy)))) = tr (V+). (6.7) 

y— >oc 

On the other hand, multiplying the identity (|6.6[) by y and tending y to +00 
we arrive at the equality (|6.7p with - f R £ + (t)dt in place of tr(V+). Thus, 
these two quantities equal, \ J R ^ + (t)dt = tr (V+), in particular, £+(■) e L : (R). 
Combining the later inclusion with representation (|6.5[) yields the representation 

det(I + V+(H - zy 1 ) =c' + cxp(- / £±^<fti , z g C+, (6.8) 

7T Jn t — Z 



where 



c+cxp K/ R ir^ +(<)d 4 



Setting in ()6.8j) z = iy and tending y to +00 and noting that 
lim !; _i. 00 det (7 + V+(H — iy)^ 1 ) = 1 we find c' + = 1 which proves (|6.2[) . 

(ii) Setting K := H — V- where V = V + — V-, V± > 0, and using the chain 
rule for perturbation determinants we get 

^ + v (J -,)-)- ^:^:;j:I» - c+ . (M) 

Applying (i) wc get the representation (|6.2[) with non-negative £+(■) S 
L J (R) and a similar representation with non-ncgativc £_(•) G L X (R) for 
det(/ + y_(ir -z)" 1 ). Setting £ := £+(f) -£-(*); t e R and using ([621) wc 
arrive at the representation (|6.2|) for dct(7 + V(Jf — z) -1 ), 2 G C+. Further, 
since ^ / K £±(*) = tr(V±), we get i f R £(t)dt = ti(V). Moreover, 

- / |f(*)|<ft<i / / e-(*)* = tr(y + )+tr(VL) = ||V|| 6l , 

77 JR 1" JR I" JR 



which proves (|6.3[) . □ 



Remark 6.4. Lemma 16.31 can be proved in a quite different way using the 
classical results of Krein in [4lJ[44], see also [45] and [TT|. Indeed, since H is a 
maximal accumulative operator it admits a selfadjoint dilation, that is, there is 
a selfadjoint operator if in a larger Hilbert space & 2 $) such that 

(H-^r 1 = P£{K-z)- 1 \S), zeC + . 

cf.[BT|. Notice that 

A ff , /ff (z) = det(I a + V(H - z)- 1 ) = det(Jj, + - z)" 1 ) = A K , /K (z), 

z e C+, where H' := H + V and K' := K + V . By Theorem 1 of [H] we 
immediately find a real-valued function £(■) € L 1 (R) such that statement (ii) 
of Lemma \6. 31 is valid, in particular, the relations f|6 . 3[) hold. Moreover, If V > 
0, then the same theorem guarantees the existence of a non-negative function 
£(•) € L 1 (M) such that (i) of Lemma [6731 is valid. 
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Using Lemma 16.31 one readily verifies trace formula (|5.1[) . Passing to m- 
accumulative operators H we firstly prove an additive counterpart of Lemma 



Lemma 6.5. Let H be a maximal accumulative operator in S). 
(i) Let < V+ = V+ G &i(Sj). If the condition 

(V+f, f) < -Im (Hf, /), / G dom (H). (6.10) 

is satisfied, then the function w+{z) :— det(/ + iV+(H — z)^ 1 ) admits the rep- 
resentation 



w+(z) = expi- / — 



n + (t)dt\ , zgC+, (6.11) 



with non-negative ??+(•) G L 1 (M.). Moreover, the representation r/+(t) = 
— ln(|ui + (i + i0)\) holds for a. e. igl where w+ (t + iO) := lim^o w+(t + iy). 

In addition, the function w + (z) := det(/ — iV+(H — z)" 1 ), z G C+, admits 
the representation 

w + {z) = expi-- [ -^—r] + {t)dt\ , zG<C+, (6.12) 
I n J R t-z J 

with non-negative r/ + (-) G L 1 (M) such that r/ + (t) = \n(\w + (t + i0)|) := 
limy^o w + (t + iy) holds for a.e. t G K. 

(ii) IfV~V* G ©i(fj) and £/ie condition 

(Vf, f) < -Im (Hf, /), / G dom (H), (6.13) 

is satisfied, then the perturbation determinant w(z) := det(/ + iV(H — z) ), 
z G C+ , admits the representation 

w(z) =expj^ J (rz^j V(t)dt\, z G C+, (6.14) 

where n(-) G L 1 (M) is real-valued and n(t) = — In (\w(t + i0)|) for a.e. t G R. 

Proof, (i) In fact, the proof of Lemma l5.6f i) remains true if we replace B and 
M(z) by -ff and z, respectively. Hence there exists a non-negative function 
rj + (-) G L 1 (E, jj-pdi) such that the representation (|5. 19[) holds, i.e. 

w + (z) = x+exp(^ J _ _i_^(t)di| , z gC+, (6.15) 

where 77+ (i) = - ln(| det(iu + (i + i0))|) for a.e. tel. It follows that 



\w+(z)\ = exp (-- / 
I Jv, 



(t - x) 2 + y 



2 ' 



y 

n + (t)dt \ , z = x + iy G C+, 
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or 



CX P{~ I 77 f? i 2 r l+( t ) dt 



w+(z) 



z = x + iyeC + . (6.16) 



Notice that = det(J - iV+(H' - z) -1 ), where H' := H + iV+. Applying 

the known estimate for the perturbation determinant (see [321 Section IV. 1]) we 
arrive at the inequality 

i- < exp {\\V + (H' - i V )-l ei } < exp { J^jgjr} , y > \\V + \\. 



\w+(iy)\ L n-v" „ 6lJ - — u _ ||y+|| 

Combining this estimate with relation f)6.16p this yields 
1 f ^ 

- / TTJ-^V+m < \\V + \\ 6l V — y > \\V+\\. 

n Jnt + y y- \\v+\\ 

In turn, tending y to +oo and applying the monotone convergence theorem 
yields 



II ? ?+I|l 1 (r) = / V+(t)dt < n\\V + \\ &1 . 
Jr 

Moreover, setting = x + exp | — ^ J R j^ri + (t)dt^ and using f|6 . 1 5[) we arrive 
at the representation 

w+{z) = x' + exp j- f —^—T] + (t)dt\ , zeC + . 

L 7T Jr t - Z ) 

Finally, since lim.y_j.oo w+(iy) = 0, we get = 1 which proves (|6.11[) . 

Notice that H — iV+ is a maximal dissipative operator. Obviously we have 

w+{z)=&et{I-iV + {H-z)- 1 )= 1 zeC+. 

det(7 + iV+{H — zV+ — z) L ) 

By the result above there is a non- negative function rj + (-) 6 L 1 (M) such that 
the representation 



dct(I + iV+{H - iV+ - z)- 1 ) = exp I - [ ^M-dt] 

{■n-J M t-z) ) 



z G 



holds which immediately proves (|6.12|) . 

(ii) Let V = V+ -V-, V± > 0. We set i__ := i_ -iV_. Notice that is also 
a maximal accumulative operator. Setting w±(z) := det(7 + iV±(H^ — z)^ 1 ), 
z G C+ and using the chain rule (see Appendix [B] formula (|B.2[) ^) we get 

w{z) = ___(_), zeC+ . (6.17) 
w_ (z) 

Next, we rewrite condition (|6.13|) as 

(V+f, /) < -Im (Hf, /) + (V-f, /) = -Im (ff_/, /), / G dom (U_). 
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Applying (i) we find that w+(-) admits the representation (|6.1ip with 77+ (t) > 0. 
Similarly, since (V-f, f) < — Im (H-f, /), / € dom (H-), we obtain by applying 
(i) that W-(-) also admits a representation of type (|6.1ip with T)-(t) > in 
place of T)+{t). Combining (|6.17p with these representations and setting rj (t) := 
77+ (i) - r)-(t), t e R, wc arrive at ([OS]) . □ 

The counterpart of Theorem 15 . 71 reads now as follows. 

Theorem 6.6. Lef H be a maximal accumulative operator, V € ©i(io) and let 
H' = H + V be accumulative, i.e. 

Im (V/, /) < -Im (Hf, /), / G dom (If). (6.18) 

TTien -ff 7 is maximal accumulative and there exists a complex-valued function 
w(-) G L 1 (IR) smc/i i/ia£ i/ie following holds: 

(i) T/ie perturbation determinant A H */ H (z), z £ C+, admits the representation 

A H , /H (z) = exp{~ f^-dt], zeC+. (6.19) 

(ii) The trace formulas 

tr ((H' - z)- 1 - (H - z)- 1 ) = -- f -p^dt, zeC + , (6.20) 

n Jm (t — z) 

and 

tr(V) = - [ ui(t)dt. (6.21) 

Proof. Clearly, iJ' is m-accumulative because if is so and V is bounded. 

(i) Let V = V R + iVi where Vr := Re(V) and Vr := Im(V). We set 
K := H + Vr and note that X is m-accumulative. Using (|6.18[) we find 

(Vif, f) < -Im (A7, /) = -Im (Hf, f), f £ dom (K) = dom (H). 

By Lemma [631 ii) there exists a real-valued function e A X (K) such that the 
perturbation determinant A^/ /_r-(z) = dct(7 + iVi(K — z S C+, admits 

the representation 

A H7Jr (z) = cxp (- / ^-dt) , z G C+. (6.22) 
I * J m t - z J 

Furthermore, by Lemma l6~37 h). there exists a real-valued function £(•) € L 1 (M) 
such that the perturbation determinant Ajf^(z) = dct(7 + Vr(H — z) -1 ), 
2 € C+, admits the representation 

A Jf/ir (z) = fflq)|ijf i^d*|, zeC + . (6.23) 
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By the chain rule A H , / H (z) = A H > / K (z)A K / H (z), z £ C + (see formula (IB. 21) ), 
and setting oj(t) := t;(t) + ir](t), t £ R, we arrive at (|6.19[) with a complex-valued 
function w(-) G L 1 (M). 

(ii) Taking logarithmic derivative from both sides of (|6.19[) and using the 
property (|B.3|) we arrive at the trace formula (|6.20j) . 

Next, to prove (|6.2ip we rewrite (|6.20j) in the form 

tr ((H> - z)-'V(H - z)- 1 ) = 1 / -£%dt, z £ C + , 

n Jm { l ~ z ) 

and put here z = iy. Then multiplying both sides by y 2 and tending y to +00 
with account of Lemma 16.11 we arrive at (|6.21j) . □ 

Remark 6.7. Let us compare Theorem 16.61 with Krein's results of [46]. 

(i) Krein [46] considered the maximal accumulative operator H' := H — iV+, 
with H = H* and V+ =V+> 0. According to [46j Theorem 9.1] there exists a 
non-decreasing function t(-) : R — > R such that the perturbation determinant 
^■h/h'{ z ), z G C+, admits the representation 

A H/H ,(z)=expU^^Y z£C + . (6.24) 

Lemma I6.5f i) improves Krein's result. Indeed, it is shown that the measure 
dr(-) is absolutely continuous, i.e. dr(t) = r)+(t)dt where rj + (-) > and ??+(•) £ 
L 1 (M). Notice that in distinction to (|6.19[) Krein considers the perturbation 
determinant Ah/h'( z )- 

(ii) Theorem 16.61 generalizes Theorem 9.1 of [55] in two directions. Firstly, H 
can be m-accumulative and, secondly, condition Im (V) < in [46] is relaxed to 
(I6T8)1 . 

(hi) Let H = H* and H' = H + V where V is accumulative, V £ &i(Sj) and 
the condition V/log(-V/) £ &i(Sj), V] = lm(V) < 0, is valid. By [2 Corollary 
4.3], there exists a real-valued function £(•) £ L 1 (M, j^pdt) such that the trace 
formula 

tr ((#' - z)- 1 - (H - z)- 1 ) = -- f -^^dt, z £ C+, (6.25) 

is valid. Thus, alongside representation (|6.20p with a complex-valued function 
oj(-) £ L : (R) there is the representation (|6. 25[) with a real- valued function £(•) £ 
L 1 (R, y^dt). 

The trace formula (|6.24[) can be extended to a class of holomorphic in C_ 
functions $(•) admitting the representation 

$(z) = / *(z,i)dp(t), zeCT, (6.26) 
^[0,00) 
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where p(-) is a complex-valued Borel measure on [0, oo) of finite variation, i.e 



\dp((t)\ < oo, 

[0,00) 
and 

y J \z, t = 0. 

It is well known that any m-accumulative (in particular selfadjoint) operator H 
in generates a strongly continuous semigroup of contractions e~ ttH , t > 0. 
This fact allows one to define the operator $(T) by 

<$>(H)h= [ ®(H,t)hdp(t), hedom(H). (6.27) 

J[0,oo) 

In general, $(i7 ) is unbounded and closable such that dom ($(_ff)) D dom (H). 
However, if supp (p) C (0,oo), then <&(H) is bounded. 

In [46l Theorem 9.2] Krein has shown that for a selfadjoint operator H — H* 
and a maximal accumulative operator H' = H — iV + , V+ = V2 > 0, the trace 
formula 

tr ($(#') - <f>(H)) =-i I &(t)dT(t) 



holds where $(■) is given by (|6.26[) and r(-) is a non-decreasing function of finite 
variation such that the representation (|6.24j) is valid. Notice that Krein's result 
becomes comparable with those below if one changes the sign of the right-hand 
side, see Remark [6~7T i). 

We generalize [46l Theorem 9.2] as follows. 



Theorem 6.8. Let the assumptions of Theorem 1 6. 6\ be satisfied and let <&(•) be 
a complex function in C+ of the form (|6.26[) . Then both operators Q(H') and 
&(H) are well defined, $(iJ') — &(H) G ©i(-f)) and the following trace formula 

tr ($(#') - $(£f)) = - [ $'(t)u)(t)dt . (6.28) 

Proof. We set 

H a = H(I + iaH)- 1 and H' a = H' (I + iaH')" 1 , a > 0. (6.29) 

One easily verifies that if£, an d are bounded accumulative operators. More- 
over, it is easily seen that 

s- lim (H'a-z)- 1 = (H'-z)- 1 and s- lim (iJ^-z)" 1 = (H - z)' 1 (6.30) 

a— >-+0 a— 
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for z G C+. Further, it readily follows from definition (|6.29[) that 



x -1 

IGL 1 / „ z 



(H a - z)-' = - —I + - —2 H - 



1 — iaz (1 — iaz) 2 \ 1 — iaz 

Combining this identity with a similar identity for (H' a — and applying 
(l(i.20[) we get that for any z £ C+ 

* (Or. - - (n. - „-) . -j^j m 

»W r(j( = _I f , "W ,„ i *. (6 ' 31) 



(t - z{l + iatj) 2 Wr (1 + «£**) 2 / t_\ 

I 1+ieet J 

Let T be a simple closed curve such that its interior contains <j(H' a ) U a(H a ). 
Since H a and H' a are bounded, the Riesz-Dunford functional calculus yields 

e-^=-±-.£e-°*(H> a - Z r d z, s>0. 



and 



Hence 



e -isH a 



-isH' a g—isH a 



~ 4 e~ sz (H a - z)~ l dz, s>0. 
2m J r 



2m J r 

l-£e- lsz {H' a - z)- l V a {H a - z)- x dz, 



(6.32) 



where 



V a := H' a - H a = H'(I + iaH'y 1 - H(I + iaH)- 1 

= (I + iaH')- 1 V(I + iaH)- 1 , a > 0. 



(6.33) 



Since V € &i(Sj), the last identity implies V a G ©i(fj). Combining this fact 
with (|6.32[) this yields e~ tsHa — e~ lsHa e ©i(fj). Moreover, we get from (|6.32[) 



tr 



(e-isK _ e -isH a ^ = _±_£ e -is* tl ^ _ z) -i _ {Ha _ 2) -i) dz _ 
Combining this formula with (|6.31[) we obtain 

tr (e- lsH '« - e -™H a \ = ( 6 34 ) 

1 f , u(t) 1 / e~ lsz , -is f - is 1 u(t) 

- / dt — — i ^dz = / e ls i+rat LjL^ dt 

ir J R (1 + tat) 2 2m J T f t _\ 2 Tr 7 R (1 + iat) 2 

\ i+*< 



61 



Further, it follows from [33 formula (IX.2.22)] and that for s > 



e -isH' a _ e -isH a 



i / e<'-^ H '<*(I + iaH l )- 1 V(I + iaH)- 



l-ixH c 



dx, 



and 



e~ is H - e~ 



sH = -i f e-^ s -^ H 'Ve- ixH dx, s > 0. 
Jo 



(6.35) 



(6.36) 



Since V G we find e 



G Si(fj) and e 



— isH ~ — isH 



e Si(fl), 



s > 0, see above. Moreover, they imply the following important estimates 



e -isH' a _ e -isH a 



Si 



< s||Vy|ei and 



<s\\V\\ 6l . (6.37) 



Since V € &i(Sj), it follows from (|Q0"j) and (|Q3"|) that lim Q ^ ||V a -V|| ei = 0. 
Combining this relation with integral representations (|6 . 35[) and (|6.36p we obtain 



Um tr | e~ lsH '<* - e 



isH c 



= tr ( e~ lsH ' - e~ lsH ) , s > 



(6.38) 



Since w(-) £ i 1 (R) and a > the dominated convergence theorem (with ma- 
jorizing function |oj|) yields 



lim 

ct->+0 7T 



e t -—-rdt = 

(l + iai) 2 7r 



e~' st uj(t)dt, s > 0. (6.39) 



Taking into account (|6.34[) . f|6 . 38[) and (|6.39[) we obtain 

tr (e~ isH ' - e" isH ) = J e~ lst uj(t)dt, s > 0. 



(6.40) 



On the other hand, since both H and H' are m-accumulative (|6.27[) yields the 
representation 



•Ao.oo) 



e -itH' _ e -itH 



-it 



dp(t). 



(6.41) 



Since the measure p is finite, we obtain from (|6.41j) and (|6.37[) that &(H') 
&(H) £ 6i(i5) and 

- < ||^|| 6l / \dp(t)\. 



Combining (|6.40|) with (|6.41[) we finally obtain 



tr ($(#') - $(#)) 



tr I e~ itH ' - e~ itH 



[0, 



-if 



dp(f) 



1 



i[0,oo) 



dp(t) / e- Ite w(x) dx 



dx u)(x) 



°dp(t). 



By $'(x) = f, Q ^ e %tx dp(t). x £ R, we complete the proof. 



□ 
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In fact the class of functions $ introduced above is not optimal even for 
selfadjoint operators. A more optimal class of functions in case of selfadjoint 
operators was introduced in [SJ [S3] . 

6.2 Pairs {H, H'} with one m-accumulative operator 

Our next goal is to prove trace formulas for pairs {H, H'} with m-accumulativc 
operator H, i.e. to remove the condition (|6.18[) . For this purpose we need 
an analog of Lemma 15.121 To this end we recall a simple statement on the 
behavior at infinity of a Blaschke products B(-) with non-real zeros A := {Aj}j e N 
satisfying an additional assumption 

oo 

^|ImAj|<oo (6.42) 

Lemma 6.9 (gBJ Lemma 8.1]). Let A := {Xj}^ cC\l, If the condition 
(|6.42l) is satisfied, then 

y Im (Aj) _ = _ ^ ^ 

and the (regularized) Blaschke product 

j=i J 

converges uniformly on any compact subset K, C C satisfying dist(/C,A) > 0. 
Moreover, the following relations hold 

oo 

lim Biz) = 1 and lim y In |i3(z)l — — 2 > ImA, , z = a; + it/. 

Now we are ready to state a counterpart of Lemma f5. 121 for additive pertur- 
bations. 

Lemma 6.10. Let H be a maximal accumulative operator in $). 
(i) If < = V? € ©i(.f)) and £/ie condition 

(V+f,f)<-2lm(HfJ), fedom(H), 

is satisfied, then the function w+iz) := det(/ + iV+{H — z) _1 ), 2 £ C+, admits 
the representation 

oo / z _ z + \ m t ( ■ r 1 1 

*"+(*) = 11 (^7r^tJ exp {iy K r^^ +(<) }' zeC+ ' (6 - 43) 

where /i+(-) is a non-negative finite Borel measure, {zj~}°°^ 1 is the set of zeros 
o/u>+(-) inC+, and {rri^}JL 1 is the sequence of the corresponding multiplicities. 
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(ii) IfV~V* G &i{Sj) and the condition 

(Vf, f) < -21m (Hf, /), / G dom (H), 



(6.44) 



is satisfied, then the function w{z) = det(7 + V(H — z)^ 1 ), z G C+, admits 
the representation (|6.43[) where the measure /£*+(•) is replaced by a real-valued 
measure fi(-) satisfying J K \dfJ,(t)\ < oo, {zj~}°^ 1 C C+ are the zeros of the 
function w(z) in C+ and {rri^}J^ l their corresponding multiplicities. 

Proof, (i) We set H' = H + iV+. Following the proof of Lemma f5. 121 with M(z) 
replaced by z, we arrive at the representation (|5.52[) . Obviously, we have 



\w + (z)\ = \B+(z)\ ex P {-i / 



(t - x) 2 + y 



;dn+(t) 



Z = x + iy G C+ , 



which yields 



cxp < - 



I" Jr (t ~ x) 2 + y 2 



d» + (t) = \B + (z)\ 



w + (z) 



z G 



where cr(if') n C + = Ujli{ z j }• O ne easily gets 

— = dot f/ - iJV+(H' - z)- 1 JV+) , z G C + \ o-(if'). 

W+(z) V / 

Combining this identity with the previous one and noting that |£?(z)| < 1, 
z G C+, we obtain 



i - 



y 



t Jn (t - x) 2 + y 



< dot ( 



/ - i*/V+(H' - z) 



z G C+ \ a(H'). In turn, combing this inequality with a simple known estimate 
(see [32] Section IV. 1]) we arrive at the estimate 



cxp 



{I i (t-x y ) 2 + y^ +{t) } ~ cxp {ll F + (ff ' - ^HeJ • z e c +^' 



7T J n (t - x) 2 + y 2 
which is equivalent to 



1 



y 



r dA*+(t) < \\V+(H' - z)- 1 ] 



7T Jr {t - x) 2 + y 2 
Further, combining this estimate with the following one 

1 



z = x + iy G C+ \ a(H'). 



|^ + ( J ff'-z)- 1 || Si < ||V+|| 6l 



v-\\v+\\' 



we obtain 
1 



I" Jr (t ~ x) 2 + y 2 



dn+(t) < \\V+\\ 6l 



v-\\v+ 



y>\\v+\ 



y>\\v+\\ 
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Multiplying both sides by y and tending y to infinity we derive 

dn+(t) < \\V+\\ 6l =tr(V+). 



The zeros z+ of w + (z) lying in C + and their multiplicities m+ coincide with 
the eigenvalues of H' := H + V + and their algebraic multiplicities. Since 
Im (Hf, /) < 0, / e dom (F), we have 

lm(H'f,f) = Im(Hf,f) + (V + f,f)<(V+f,f), /e dom (if), (6.45) 

Denoting by f)+ the (closed) invariant subspace of H' spanned by the (finite- 
dimensional) root subspaces £ + := ker(H' — zf) mj , j £ N, and choose a 

Schur orthonormal basis {fk}keN in i}p such that in this basis the matrix of the 
operator H' \ fj+ is triangular. Taking into account (|6.45[) we get 

o < m P™ (^ + ) = E Im (h' fk, fk) 

= J2 Im {HfkJk) + ^2(Y+fk, fk) < tr (V+) < oo. 

k k 

By Lemma [6.91 the product B+(z) = J[ k [ — = j converges uniformly on 

compact subsets of C+. It is easily seen that B+(z) = k B+(z) where \k\ = 1. 
Again by Lemma T6. 91 we have lim^oo B+(iy) = 1. It follows from (|5.52[) that 

w+(z) = x' B(z)exp\- [ — !— dfjL + (t)\ , z £ C+. (6.46) 
[n J M t- z ) 

where 

d = x Sr exp < i I a+ / -dfx+(t) 



Since lim^oo w+(iy) = 1 we immediately obtain V = 1 which proves (|6.43|) . 

(ii) We set K := H - iV- where V := V+ - V-, V± > 0. We note K is 
maximal accumulative. Using the chain rule for perturbation determinants (see 
formula (|B.2|> ) we easily get 

. . det(I + iV+(K - z)- 1 ) w+(z) „ 

v y det(/ + iF_(if- z)- 1 ) «;_(«)' + v ; 

Rewriting (|6.44[) in the form 

(V+f, I) - (V.f, f) < -21m (Hf, /), / e dom (H), 

we get for any / £ dom (K) = dom (H) 

(V+fJ) < -2lm(Hf,f) + (V.f,f) < -2lm(Hf,f)+2(V.f,f) = -Im(KfJ). 
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According to statement (i) the perturbation determinant w+(z) := det(7 + 
iV+(K — z)^ 1 ), admits the representation (|6.43[) z G C+. Since 

(V-f, f) < -Im (Hf, }) + (V-f, f) = -Im (A7, /), / G dom (A') = dom (#), 

Lemma l6.5f i) yields the following representation 

»?+(*) 



det(J + iV-(K - z)- 1 ) = exp j - / 



<$*}•, zeC+. (6.48) 



Inserting (|6.43l) and (|6.48|) into (|6.47|) we arrive at the representation 




w{z) =\\ \ — =4 cx p \ ~ / : — M*) t, 



Here d/x(t) = d/i + (t) — T)+dt, {zj~}'^L 1 is the set zeros of lying in C+ 

and {rrij'}'j^ 1 the set of the corresponding multiplicities. Since the operator H 
is TO-accumulative, the function w-(z) = dct(7 + iV-{K — z)^ 1 ) = A H / K (z) 
has no zeros in C+. Combining this fact with representation (|6.43|) for ?£>+(■) 
we conclude that the set {Zj~}°^ 1 is the set of zeros of w(-) in C+ with the 
corresponding multiplicities {m~j'}°°^ 1 . □ 

Now we are ready to obtain the trace formulas for a pair {H, H + V} with 
m-accumulative operator H. A counterpart of Theorem 15 . 131 takes the following 
form for additive perturbations. 

Theorem 6.11. Let H be a maximal accumulative operator in Sj, V £ 
and let H' := H + V. Then the following holds: 

(i) There exists a complex-valued Borel measure dv(t) := id[/,+ (t) + uj(t)dt on 
R such that d/i+(-) is a non-negative finite Borel measure on R } w(-) € A 1 (R) 
and the perturbation determinant &h'/h{') admits the representation 

A* v * w =n(^) 3 ^{liih d ^}^ zec +- (6 - 49) 

where dv(t) := idfx+{t) +u(t)dt, {z^}°^L 1 is the set of eigenvalues of H' in C+, 
and {m~j'}°°^ 1 is the set of corresponding algebraic multiplicities. 

(ii) The trace formula holds 

tr ((H' - z)- 1 - {H - z)- 1 ) = (6.50) 



xl 2im+-1m(z+) i r dv{t) 



-E 



r[{z - z+)(z - zj) nh{t-z) 



z G 
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In particular, one has 

tr(y) = 2iVm}lni(z+) + - / efi/(i) 



(6-51) 

2iV mjlm(zf) + - / d/z+(i) + - / w(i)di. 
■ n Jr n Jr 



tr(Vj) = 2 V TO + Im(z+) + - f dfi+(t) + - [ wj(i)dt. (6.52) 
w/iere V/ := Im (V) and cj/(t) := Im (w(t)) < 0, i e E. 

Proof, (i) Let V R := Re (V) and Vj = Im(V). Further, let V I = V+ - Vf be 
the spectral decomposition of Vj, i.e. Vj > and Vj~Vf = VfV^ = 0. We set 
K := H + V and V := Vr - £|V/|, where | V> | = V/ + Vf. Clearly, the operator 
A is m-accumulative because so are H and V(g [,£}]). 

We put w+(z) := A H , /K (z) = det(I + 2Vj + (K - z)" 1 ), z g C+. It is easily 
seen that (2V J + /, /) < — 21m (A"/, /), / g dom (A"). Therefore applying Lemma 
I6.10f i') we arrive at the representation (|6.43|) for w+(-) with the non-negative 
finite Borel measure d/j + (-) 7 the set {z^}°°^ 1 of zeros of w + (-) lying in C+ and 
the set {m'j'}j^ 1 of corresponding multiplicities. However, the zeros {z~j}°^ 1 
and their multiplicities {m^}°^ 1 coincide with the eigenvalues of H' lying in C+ 
and their algebraic multiplicities, respectively (see Appendix [Bl property 4). 

Further, since H is accumulative, we have 

Im(V/,/) = -(|V|/,/) < -Im(HfJ), f g dom(tf). 

Therefore, by Theorem I6.6f i). there exists a complex-valued function cj(-) g 
L 1 (IR) such that the following representation holds 

A K/H (z) = det(I+(V R -i\Vi\)(H-z)- 1 ) = exp{- f ^-dt\ , (6.53) 

z g C+. Setting di/(i) := idfi + (t)+uj(t)dt we define a complex- valued Borel mea- 
sure on R satisfying L\dv(t)\ < oo. Finally, combining representation (|6.43[) 
for w+(-) := A H i /#■(■) with representation (|6.53|) for A.k/h{~) an d using the 
identity &h'/h{ - ) = ^h'/k(')^K/h(') ( scc {H2J), we arrive at representation 

(ii) Clearly, {z g C : Im(z) > ||V+||} C Therefore formula (jB~3|) 

can be applied to the determinant A^f/ / (z) for Im(z) > IIV/II- Taking the 
logarithmic derivative of both sides of (|6.43[) and applying (|B.3|) we obtain 
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for Im(» > HVf+ll which proves (|6.50[) . Since V is bounded one rewrites this 
identity as 

2i m+ • Im (z+) l r dv(t) 



tr ((H - z^ViH - z)- 1 ) = Y 1 U=L + - / 

7 Y (z-z+ j )(z-z+) Wis(i-z) 2 



Setting here z = iy, y > \\Vj\\, multiplying both sides by y 2 and passing to 
the limit as y f oo we obtain by combining Lemma 16.11 with Lemma 16.91 and 
applying the dominated convergence theorem the relation 

■■ a f dv(t) 



-tr (V) = -2i V m+Im (zf) + lim — / 
= -2t ^ m+Im (z+) - - j dv{t) 



it - w) 



2 



-2i V mflm(zt) - - / d^+(*) ~ ~ / w(*)dt. 



follows which implies f|6.51[) . In turn, (16.51)) yields (|6.52p . □ 

7 Examples 

7.1 Matrix Sturm-Liouville operators on K + 

Let us consider the matrix Sturm-Liouville differential expression in L 2 (R + , C") 

(Af)(x):=--^f(x) + Q(x)f(x), / = col {/!,...,/„}, (7.1) 

with n x n selfadjoint matrix potential Q(-) = Q(-)* G Li oc (K+, C" x "). 

Denote by A = j4 m i n and A max the minimal and the maximal operators, 
respectively associated on i 2 (R + ,C") with the differential expression (|7.1[) . 
Clearly, A is symmetric. Assume also that A is limit point at infinity, i.e. the 
deficiency indices are minimal, n±(A) = n. It is known (see, for instance, |52[ 
Section 5.17.4]) that A* = A max . The latter means that the domain dom (A*) 
is locally regular, i.e. 

dom (A*) C W^(R+, C") and x [0 , 6] dom (A*) = W 2 > 2 ({0, b],C n ) (7.2) 

for any b > 0, where xs(-) stands for the indicator of a Borel subset S. A* is 
given by the differential expression (|7.ip on the domain dom (A* ) . Therefore 
the trace operators To, Li : dom (A*) — > C", 

r / = /(o), r 1 / = /'(o), / = col {h,...,f n }, 



arc well defined and the Green identity (|2.1|) holds. Moreover, one easily proves 
that LI = {C n ,ro,Li} forms a boundary triplet for A*. Hence the minimal 
operator A = A m y n is a restriction of A* to the domain 

dom (A) = kcrL nkerLi = {/ G dom (A*) : /'(0) = /(0) = 0}, 
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and due to ((721) the regularity property dom(A) C W 2 ;£ C (R + , C") holds. 
Notice that dom(A*) = W 2 ' 2 (R,C n ) whenever Q g L°°(R + , C" xn ). Let 

*,-(2,x) = col{%(z,x),...,*.,„(z,x)}, j g {l,...,n}, 

be a basis in Vl^A) = ker (A* - z) and let *(z,x) := (*i(z, x), . . . , * n (2, x)) 
= (*fej(2;, x)^- =1 be the Weyl n x n-matrix solution of the equation A* f = zf. 
Then the corresponding Weyl function is 

MO) = *'(z,0)*(z,0)~ 1 . 

We note that the assumption n±(A) = n is satisfied whenever Q(-) = Q(-)* g 
L 1 (R +1 C nxn ) n L°°{R +1 C nxn ). In this case the Weyl matrix solution #(z,x) 
is proportional to the so-called Jost function F(z, •) which solves the equation 

f°° 1 

F{z, x) = e l ^ x I n —= sin (Vi(x - t)) Q{t)F(z, t)dt, z g C \ {0}, (7.3) 

where Im (y^) > 0. Clearly, \I>(z, x) = x)C(z) where C(-) is a non-singular 
n x n-matrix function, det C(z) ^0, ze C±. In this case the Weyl function is 
M{z) = 0)F(z, 0)" 1 . 

Let A' and A be proper extensions of A. Since n±(A) = n < oo condition 
(|1.6p is always satisfied. If both A' and A are disjoint from A^ := A* \ ker (ro), 
then, by Proposition 12.31 there exist bounded operators B',B g [C n ] such that 
A' = A B > and I = A B , i.e. dom(l') = {/ g dom(A*) : /'(0) = B'/(0)} and 
dom(A) = {/ g dom(,4*) : f'(0) = Bf(0)}. Thus, the boundary triplet II is 
regular for the pair {^4',^4} which yields {A', A} g D n . By Lemma H. If iv) we 
get 

dct(B-A/(z)) " det(BF(z,0)-F'(z,0)) ' G M } ° P{ ^ 
In particular, if Q = 0, then Mo(z) = i^pzl n and 

^'M w det(B -M (z)) det(B-*v^ 

If A = Aq, then the boundary triplet II is not regular for {A' , A}. Nevertheless, 
by Corollary I4.4f i). there exists a boundary triplet II = {%,Lo,Li} for A* 
such that {A', A} g ID 5 . If A' is disjoint from A t , then g p(B'). Thus, by 
Proposition I4.9f iii) , there exists p = and a constant c g C such that 

A| Jz) = cdet (/„ - (Br^Miz)) = C ? ^ { B>F { zO) F>(z,0)) 

' \n \ ) V )) dct ( B /) dct(F(z,0)) 

for z g p(A). If A' = Ai, then B' = and applying Proposition I4.9f iii) with 
/Lt = 1 we find a constant c g C such that 

A% /A (z) = cd et(M(z)) = c ^gg^f , (7.4) 
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7.2 Sturm-Liouville operators on (0, b) 

Next we consider the differential expression (|7.1[) in L 2 ([0,6],C") with n x n- 
matrix potential Q(-) = Q(-)* £ L 2 ([0, fe], C" x "). It is well known that the 
maximal operator A max associated in L 2 ([0, b], C") with the differential expres- 
sion A 

#_ 

dx 2 

is given by 



(A[f))(x) :=- f( x ) + Q( x )f( x ) 



(A*f)(x):=(A[f])(x), f£dom(A*) = W^((0,b),C n )- (7-5) 

where / = col{/i, ...,/„}. The minimal operator A = A mnl is a closed sym- 
metric operator given by 

(Af)(x) :=(-4[/])(*), 

Notice that A max = A*. Due to the regularity property dom(A*) = 
W 2 > 2 ((0,b),C n ) the mappings 

ro/ := (-/(o)) ' Fl/ := (-rw) ' /eM/2,2((0 ' 6) ' cn) ' (7J) 

are well defined. Moreover, one easily checks that IT = {C 2 ",ro,ri} forms a 
boundary triplet for A* . Notice that A := A* \ ker (r ) and Ax := A* \ ker (Ti) 
correspond to the Dirichlet and Neumann extensions, respectively. 
Let us introduce the nx n matrix solutions C{z,x) and S(z,x) 

A[C(z,x)} = zC(z,x), C(z,0) = I n , C'(z,0) = n 
A[S(z,x)} = zS{z,x), S(z,0) = 0„, S'(z,0) = I n . 

Any f z S ker (A* — z) admits the representation f z (x) = C(z, x)£ + S(z, x)rj for 
some £,,?] e C". Hence 

Combining these relations with Definition 12.41 we find that the Weyl function 
M(-) corresponding to the triplet II is 

W \ On -In J {S&b)- 1 S(z,b)- l C( Z ,b)J 

-S'( Z ,b)S(z,b)- 1 C'(z,b)~S'(z,b)S(z,by 1 C(z,b)\ 

-Siz^b)- 1 -S{z,b)- l C(z,b) ) { '- &> 

S'(z,b)S(z,b)^ S*(z,b)~i \ 

Siz^b)- 1 -S(z,b)- x C{z,b)J > zfc ^±- 
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If Q = 0, then the Weyl function M (z) is 

= __L^ ( ^coB(va)/„ /„ 

sin(VS&) V ^ - co8(^/zb)I n J 



~*nxn 



Let b ' - (i; t) and b = (Z S:) ww b ^ b « e 

i, j G {1, 2}. Due to (|7.7[) the extensions A' = Ag/ and A = Ag are given by 
2' = (A[f])(x), /Gdom(l'), 

Hom r J'i Iff w/ 2 > 2 (7n m r r M • = ~ B '^f^ + ^12/(0)] 

and 

A = (A[f])(x), /Gdom(l), 

do m( 2) = {/^(O,*):^::^:^}. (7-10) 

Note that {A, 2} G S n . By Lemma HUiv) . 

^> = SSf. (,n) 

If for some boundary triplet II the pair {A', A} G 2D n , then, by Proposition 231 
there exist a constant c G C such that 

Slightly more complicated is the case when A' = A^/ and A = Aq. From 
Corollarv l4.4f i) we get the existence of a boundary triplet II such that {A\ A] G 
D u which is regular. By Proposition 14. gf iii). there exist a constant c G C and 
a real number fi G p{B') such that 

n detCg - M{z)) ~ 

A A'/a(*) = c det(^-M) ' ZSP( ^ 

In particular, if £>' = 0, then A' = A±. Therefore chosen /i = lwe get 

A% /A (z) = c dct(M(z)), z G 



This yields 

which generalizes (|7.4j) to the case of a bounded interval. 



a n / \ dct C'(z, b) , ~ 

A ^ ) = C det^V' Z&P ^ 
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Proposition 7.1. Let A be the minimal Sturm- Liouville operator on [0,6] de- 
fined by dL6]) and let B € C 2nx2n , Bj := Im (B) > 0, and kerBj = {0}. Let 
also A B = A* f dom(A B ), dom( J 4 B ) := kcr (r x - Sr ). Then: 

(i) ^4 is simple. 

(ii) is a m-dissipative and completely non-selfadjoint operator with discrete 
spectrum such that K C p(As). Additionally, Ab is complete. 

(iii) Ab belongs to the class Cq. Moreover, the perturbation determinant d(-) = 

(') * s an annihilation function for Ab, that is, d(As) = 0. 

(iv) The annihilation function d(-) is minimal if and only if 
dim (ker (B - M{z))) = 1 for any z £ a(A B ) nC + = o- p (A B ). 

Proof, (i) It follows immediately from the Cauchy uniqueness theorem. 

(ii) The first claim follows from Proposition I5.22f i) and (ii). Further, it is 
well known that the resolvent of Ao is of trace class. It follows from Proposition 
12.61 that the resolvent of Ab is also of trace class. Since, in addition, Ab is 
m-dissipative, it follows from [32j Theorem V.6.1]) that Ab is complete. 

(iii) and (iv) These statements follow from Proposition ^. 22f iii) and (iv). □ 

7.3 Second order elliptic operators in domains with com- 
pact boundary 

7.3.1 Elliptic background 

Here we present some known facts on second order elliptic operators, cf. [35] and 
[50] . which we are need in the following . Consider the second-order formally 
symmetric elliptic operator with smooth real coefficients in a domain SI C K n 
with smooth compact boundary, 

n Q Q 

A := - — ajfc(a;)— + q(x), a 3 k = a jk , q = qeC oc '(Sl). (7.13) 

j,k=l 3 3 

Recall that ellipticity of A means that its (principle) symbol ao(a;,£) satisfies 

a (x,0-= J2 ^/j(^)r +/? ^0, (x,0 ellx (R n \{0». 
M=l/3|=i 

Let A = A m j n be the minimal elliptic operator associated in L 2 (Sl) with the 
expression (|7.13[) . Due to Green's identity the minimal operator A = A m ; n is 
symmetric in L 2 (Sl). Any proper extension A <G Ext a of A is called a realization 
of A. Clearly, any realization A of A is closable. We equip dom(A max ) with 
the corresponding graph norm. It is known (cf. [51 148j) for bounded domains 
that dom(A m i n ) = Hq(SI) where the graph norm of dom(^4 m ; n ) and the norm 
of the Sobolev space Hq(SI) are equivalent. However, in contrast to the case of 
ordinary differential operators one has instead of dom(^4 max ) = H 2 (Sl) always 

H 2 (Sl) c dom(A max ) c H? oc (SI). 
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Since the symbol ao(x, £) is real the operator A is properly elliptic (see [4"8]). 

Hypothesis 7.2. Let A be a formally symmetric second order elliptic differ- 
ential expression of the form (|7.13[) given on the bounded subset f2 C R™ with 
smooth boundary dQ which is uniformly elliptic. In addition, let a a p(-) G C 2 (Q) 
for \a\ + \fj\ < 2 anda a p(-) G C'^(Q), cf. notation at the end of the introduction, 
for \a\ + \0\ = 2. 

In particular, assuming Hvpotticsis l7.2l we have dom (A m i n ) = Hq(Q). Notice 
that for bounded fl any elliptic differential expression A with C(f2)-cocfncicnts 
is automatically uniformly elliptic in fl. 

Denote by -§- the conormal derivative: 



■§^=J2 a 3k(x)cos(n, Xj )-^- (7.14) 

j,k=l 



and set 

G u := 7qu := u\an, G\u := 70 



/ du\ ( du 
\ dv J \dv 



U G dom (Anax). 



We define the Dirichlct and Neumann realizations A Go and A Gl by setting 
A Gj :=A max \dom(A G ), 

^ (7.15) 
dom( A G] ) := {u G H 2 (il) \ G 3 u = 0}, j G {0,1}- 



It is well known that under Hypothesis 17.21 the realization is selfadjoint in 

H°(Sl) :=L 2 (n), A Gj = A* G .,je {0,1}- 

To apply Proposition 14.91 and Corollary 14 . 1 01 we need a boundary triplet for 
A* . Note, that the classical Green's formula reeds now as follows 

f ( du dv \ 

(Au,v) - (u,Av) = [—■v-u- — )ds (7.16) 
J an \dv dv J 

= 1 (Giu-G^v -G u-Grv) ds, u,v e H 2 (fl). 
Jen v ' 

Proposition 7.3 ([35]). Let the Hypothesis \7.2\ be satisfied and let G p(A Go ) . 
Then for any s G M the operator Go isomorphically maps the set 

Z s A [n) :={ueH s (n):A meLX u = 0} 

onto H s ~ l l 2 {dSl). 

Definition 7.4 ([35j|63]). Assume Hypothesis O 

(i) Let z G p(A Go ) and tp G if s_1 / 2 (c>Q), sel Then one defines P(z)(p to be 
the unique u G ^A-zi 2(f , (^) satisfying Gqm = (p. 



73 



(ii) The Poincare-Steklov operator A(z) is defined by 

A(z) : H'-^ 2 (8Sl) -> H s - 3 / 2 (dn), A(z)<p = GxP(z)ip. (7.17) 

To be precise we denote the operator A(-) : H s (dil) — > H s ~ 1 (dil) by A s (-). 
Notice that A s (z) G [iT s (dfi), iF" 1 ^)]. 

Further, let Aga be the Laplace-Beltrami operator in L 2 (dil). Since 
Agsi > 0, the operator (— A^n + I)~ s / 2 isomorphically maps L 2 (<9f2) onto 
H s (dfl), seR. 

Notice that the classical Green formula (|7.16|) cannot be extended to m,wG 
dom(j4*) since the traces Gqu and G\u belong to the spaces H^ 1 / 2 {dVi) and 
H~ 3 ' 2 (dQ), respectively (see[lSl A construction of a boundary triplet for 
A* as well as the respective regularization of the Green formula (|7.16|) goes 
back to the classical papers by Vishik [S3] and Grubb [35]. An adaptation of 
this construction to the case of boundary triplets in the sense of Definition 12.21 
was done in [50]. First we recall a result from 50 that modifies and completes 
[35| Theorem 3.1.2 ] 

Proposition 7.5 ([50] Proposition 5.1]). Let the Hypothesis \ 7. 2\ be satisfied and 
let G p(Ag ) ■ Then the following statements are valid: 

(i) The totality II = {H, T , r x }, where H := L 2 (dn) and 

«edom4 max , (7.18) 

r lU := (-Aan + I) 1/4 (Gi - A(0)G )u, 
forms a boundary triplet for A* . In particular, the Green formula 

{A*u,v) L 2 (n) - (u,A*v) L 2 {n) = (r 1 it,r u) L 2 (ao) - (r M,r 1 u) L 2 (an) , (7.19) 

u,»£ dom(A*) ; holds and A$ := A* \ kcr(ro) = Aq q . 

(ii) The operator valued function A_ 1 (z) — A_ 1 (0) has the regularity property 
A_i(z)- A_i(0): H~ 1 ^ 2 (dCl) — > H 1 ^ 2 (dfl), z£p(A Go ). (7.20) 

Moreover, A_i(z) - A_i(0) G [if" 1 / 2 (.90), H 1 / 2 ^)] for any z G p(A Go ). 

(iii) XTie corresponding Weyl function is given by 

M(z) = (-A ao + /) 1/4 (A_i(z)-A„i(0))(-A^ + /) 1 / 4 , zeC±. (7.21) 

In contrast to the mapping T = {T , Ti} : dom (A max ) — > L 2 (dQ) x L 2 (dQ), 
the mapping 

G = {Go, Gi} : dom (A raax ) £T ^(dO) x tf- 3 / 2 (dr!) 
is not surjective. The following statement describes the range ran(G). 
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Corollary 7.6. Let the assumptions of Proposition (|7.5[) be satisfied. Then for 
any pair {h M} e i?- 1/2 (<90) x ir 3 / 2 (<90) the system Gjf = hj,j € {0,1}, 
has a solution f G dom (A max ) if and only if 

hi - A_i (0)h G H^ 2 (dn). (7.22) 

Proof. If condition (|7.22p is satisfied, then it follows from Proposition ([73]) (i) 
and the surjectivity of T = {To,!^} : dom(A max ) — > L 2 (dQ) x L 2 (dfl) that the 
system 

r /= (-A ao + iy^ho 

Ttf= (-A^ + /) 1 /4(/ ll _ A „ i(O)fto) 

has a (non- unique) solution / 6 dom(A max ). According to definition (|7.18[) . / 
also satisfies the system Gjf = hj, j G {0, 1}. 

Conversely, assume that there is a vector / € dom (A max ) satisfying Gjf = 
hj, j G {0, 1}. Hence, 

h - A_i(0)fto = Gi/ - A_i (0)G / = (-A 8n + I)- 1/4 r 1 / G ff 1 / 2 ^) 
which verifies (TT2^|) . □ 

Let A be any proper extension of A := A m j n . We set 

E x := Gdom(A) C H- 1/2 (dft) x H~ 3/2 (dQ). 
Clearly, Ej is not necessarily the graph of an operator. 
Lemma 7.7. Let the Hypothesis \ 7. 2\ be satisfied. 

(i) Let A be a proper extension of A := A m ; n . There exists an operator K : 
H~^ 2 (dfl) — > H- 3 / 2 (dfl) such that E A = gr (K) if and only if A and A Go 
are disjoint. 

(ii) Let A\ and A 2 be proper extensions of A := A m i n which are disjoint from 
A Go . Let Ej := Gdom (A 3 ) = gr (Kj), j = 1, 2. If K\ = K 2 , then A\= A 2 . 

Proof, (i) Assume that the extensions A and Aq are disjoint. Let {ho, hi} G 
E K = Gdom (il), h G H- 1 / 2 (dn), hi G H- 3 / 2 (d9). If h = 0, then = G f, 
f G dom (A) C dom (A max ). Hence / G dom (ig ) which yields / G dom (A) n 
dom( Ag ). Since dom (A) and dom(A(3 ) are disjoint we find / € dom (A). 
Hence Txf = which implies /ii = 0. Therefore, Sjj is the graph of a linear 
operator K : if" 1 / 2 ^) — ► H- 3 / 2 (dn). 

Conversely, if A and 4g are not disjoint, then there is a non-trivial / G 
dom (A) n dom(A<3 ) such that / ^ dom(A m ; n ). Notice that ho = Go/ = 0. 
Since E-r is the graph of an operator we get = h\ = G\f . Hence / G 
dom (Ag ) n dom (AgO which yields / G dom (A m j n ). 

(ii) Let {/io,^-i} G Si = E 2 . Then there are elements f\ G dom(Ai) and 
fi G dom(A 2 ) such that /i = Go/i = Gofi and /ix = G\f\ = G\f%. Setting 
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/ := fi — h G dom(yl max ) we find Go/ = and Gif = 0. Hence / € 
dom (A Go ) n dom (A Gl ) = dom (A min ). Hence /i = f 2 + / where / 2 G dom (A 2 ) 
and / € dom(yl m i n ) which yields /i <E dom(A2). Similarly we prove f 2 € 
dom(A2). Therefore dom(A2) = dom(A.2) which yields A\ = A 2 . □ 

If A is a proper extension of A m - m which is disjoint from Aq,, then there 
is an operator K : H~ 1 / 2 (dfl) — > H^ 2 (dfl) such that Gdom (A) = gr(K). 
The converse is in general not true. That means, not for every operator K : 
H^ 1 / 2 {dQ) — > H~ 3 / 2 (dfl) there exists a proper extension A of A m i n such that 
gr (if) = Gdom (2). 

Lemma 7.8. Let the Hypothesis \7.2\ be satisfied and let G p(Ao ) ■ Further, 
let K : H^ 1 / 2 {dVl) — > H~^/ 2 (d£l). There exists a unique proper extension A 
of A m { n such that A is disjoint from A q and gr (AT) = Gdom (A) if and only 
if the regularity condition ran (K — A_i (0)) C ff 1 /2(3Q) i s satisfied. 

Proof. Let {ho, hi} G gr(AT). Notice that hi = Kho- Using the assumption 
ran (if - A_i(0)) C H^idQ) we get hi - A_i(0)/i = Kh - A_i(0)/i € 
H 1 / 2 ^). By Corollary [TU there is an element / G dom (A max ) such that 
hj = G 3 f, j = 0,1. We set 

dom (A) := {/ G dom(A max ) : hj = G 3 f, j = 0,1, {h ,hi} € gr(AT)}. 

Obviously, we have dom(A m j n C dom (A) C dom(A max ). Setting A := A max \ 
dom (A) we define a proper extension of A m ; n such that gr(AT) = Gdom (A). 
By Lemma l7.7f i) we get that A is disjoint from Aq q . The uniqueness follows 
from Lemma l7.7f i). 

Conversely, if there is a proper extension A such that Gdom (A) — gr (AT) , 
then hj = Gjf, j = 0,1, / G dom (A), {ho, hi} G gr(A'). Applying Corollary 
EUwe get hi - A_i(0)/i G iJ 1/2 (W). Hence AT/i - A_i (0)ft o G # 1/2 (<9ft) for 
any /i e dom (AT). Therefore ran (K - A_i(0)) C H^ 2 (dil). □ 

Let AT : H- 1 / 2 (dn) — > H- 3 / 2 (dQ). We set 

A K := A max \ dom(A K ), 
dom (Ax) := {/ G dom(A max ) : Gif = A" Go/}. 

Obviously, ijj is a proper extension of A m ; n . Let A be a proper extension 
disjoint from A g and let K the operator defined by Lemma 17.71 Then a 
straightforward computation shows that A = Ak- In general, for any operator 
K : H^ 1 /' 2 {dVL) — > H- 3 / 2 {dn) one has only Gdom(A K ) C gr(A'). 

Corollary 7.9. Let the assumptions of Lemma \ 7.8\ be satisfied and let K : 
H- 1 / 2 (dn) — > H^/ 2 {dVt). The condition gr (AT) = Gdom(A K ) is satisfied if 
and only i/ ran (AT - A_i (0)) C H^ 2 (dn). 
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Proof. Let {ho, hi} G gr(if), then by the assumption ran (if — A_i(0)) we 

get hi - A_i(0)ft G ii 1/2 (<90). By Corollary ES there is a / G dom(A max ) 
such that fti = Gif and ft = Go/. Since Gif = hi = iffto = KGof we get 
/ G dom(A max ). Hence / G dom(ilj<-) and gr (if ) = GdonfAx). 

Conversely, if gr(if) = Gdom(A^-), then for any {fto, fti} G gr (if) there 
is / G dom(A^) such that ho = Go/ and hi = Gif. By Corollary 17.61 we get 
fti-A_i(0)ft o = (if-A_i(0))ft G ii 1 / 2 ^) which yields ran (if- A_i (0)) C 
fT 1 / 2 ^). □ 

Corollary 17.91 suggests besides the operator if : /f _1 / 2 (c?Q) — > H~ 3 ' 2 (dfl) 
to consider its restriction if' : if _1 / 2 (e?Q) — > H~ 3 / 2 (dQ) defined by 

if := if I" dom(if'), 

1 /o (7-24) 
dom (if) := {h G dom (if) : if ft - A_i(0)ft G ii 1/2 (<90)} C dom (if). V ; 

Clearly, gr (if) = Gdom(y4.x), i.e. = Ajf/. For instance, if O : 

if -1 / 2 (90) — s. iJ _3 / 2 (90) is the zero operator, then obviously, = ^Gi- 
However, O' := O f dom (O'), 

dom(O') := {/ G ii- 1/2 (<90) : -A_i(0)/ G ii 1/2 (<90)} = H 3 ^ 2 {dn). (7.25) 

Hence A Gl = 1 Q ' and dom (igj = {/ G H 2 (tt) : Gif = 0} . 

Obviously, the proper extension A k admits a description with respect to 
the boundary triplet n = {L 2 (dVl), T , Ti} given by Proposition 17.51 

Proposition 7.10 Q50] Proposition 3.8]). Assume the conditions of Proposition 
Let if : ii" 1 / 2 ^) — > #- 3 / 2 (9f2) and let U = {L 2 {dn),T , Ti} be the 
boundary triplet for A* given by (|7.18|) . Then the following holds: 

(i) A k = Ab k , where Ab k '■= A* f ker(ri — B^Ti) and 

B K := (-Aao+i) 1/4 (A"-A_i (0))(-A ao +i) 1/4 : L 2 (dn) — > L 2 (dn). (7.26) 

(ii) The operator A k is closed and disjoint from A q if and only if the operator 
if - A_i (0) : H^^idn) — > ifV 2 (,9Q) is closed. 

(iii) Let Ak be not closed (but necessary closable). Lts closure is disjoint from 
A c if and only if the operator if — A_i (0) is closable. 

(iv) If z G p{Aq q ), then z G p( A k) if and only if the operator if' — A_i(z) 
maps dom (if ) C H^ 1 / 2 {dVl) onto iJ 1 / 2 (9f2) and its kernel is trivial. 

Proof, (i) From A K = A K > and (|7T23|) we find that 

Gif - A_i(0)G / = (if - A_i(0))G /, / G dom(A K ), 
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which yields 

IV = (-A dQ + lf' 2 {K' - A_j(0))(-Aan + I) 1/2 (-A dn + L)- 1/2 G f 
= (-A dn + 1) 1I2 {K' - A_i(0))(-A 8 n + I) 1/2 T f, f G dom (A*). 

Hence, if / G dom( Ijf), then / G ker^x - BkT ). Therefore Ajf C A Bk - 
Conversely, if / g ker (I\ — BrTo), then 

(-Aan + I) 1/2 G 1 f = (-A*, + I) 1/2 (K' - A_i (0))G /, / G dom (A Bk ), 

which implies G?i/ = (if' - A_i(0))G /, / G dom(Bx)- Hence dom(A Bff ) C 
dom(ylif). Consequently, dom(A;f) = dom (A Bk ) or Ajf = Ab k . 

(ii) A ^ is closed and disjoint from A g if and only if Bk is closed. However, 
B K is closed if and only if K' - A_i (0) : ff" 1 / 2 ^) — ► H^ 2 (dn) is closed. 

(iii) The closure of A^ is disjoint from A k if and only if is closable. 
However, Bk is closable if and only if K' — A_ i (0) is closable. 

(iv) By Proposition 12.51 we get that z £ p( Ak) if and only if z G p{Bk — 
M(z)) where M(z) is the Weyl function given by ()7.21j) . Obviously, we have 

B K - M{z) = {-A dQ + lfl\K' - A_ i (z))(-A au + I) 1 ' 4 . (7.27) 

However, the operator Bk — M(z) is invertible if and only if the operator K' — 
A_i(» : H- l ' 2 {dQ) — > i/ 1 / 2 (9fi) is invertible. □ 

7.3.2 Perturbation determinants 

To state the next result we recall the following definition. 

Definition 7.11. Let S p (fi) = {T G &oo{fi) ■ Sj{T) = 0(.T 1/p ), as j -> oo}, 
p > 0, where Sj(T), j G N, denote the singular values ofT (i.e., the eigenvalues 
o/(T*T) 1 / 2 decreasingly ordered counting multiplicity). 

It is known that S p ($)) is a two-sided (non-closed) ideal in [Sj]. Clearly, 
S Pl C S P2 if pi > P2- An important property of the classes S p (Sj) needed in the 
sequel is 

S Pl ■ S P2 C <S P , where p^ 1 = p^ 1 + p? 1 ■ (7.28) 

Theorem 7.12 ([501 Theorem 4.13]). Assume the Hypothesis \7H\ Let A := 

A g and G p(A Go ). Further, let A : H- l l 2 (dQ) — > iJ" 3 / 2 (90) be an 
operator satisfying dom (A') C L 2 (dQ) and ran (A') C L 2 (dQ). Then 

(AK-zy'-iAo-zy 1 eS^_2(L 2 (n)), ze p(A K )n P (A Q ). (7.29) 

For n — 2 the resolvent difference in (|7.29l) is the trace class operator. 
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Lemma 7.13. Let X and 2J be Banach spaces and let X : X — > 2) be a 

closed operator which is boundedly invertible. Further, let Xq be another Banach 
space such that Xq is a dense subset of X and the embedding J : Xq — > X is 
continuous. If dom(X) C JXq, then the operator Xq :— XJ : Xq — 5- 2J, 
dom(Xo) := {/ G Xo : Jf G dom(X)} is well defined, closed and boundedly 
invertible. In particular, X^ 1 — JXq 1 . 

Proof. Let dom(ATo) 3 f n — > f and Aof n — > g G 2) as n —> oo. Obviously 
we have Jf n — > Jf and XJf n — > g as n — > oo. Since X is closed we 
get Jf G dom (X) and X Jf = g. Hence / G dom (Xo) which shows that 
Xo is closed. If / G ker(Ao), then XJf = 0. hence Jf = which yields 
ker (Xo) = {0}. Finally, we have ran (X) = ran (Xo) = 2) which shows that Xq 
is boundedly invertible. □ 

In what follows we apply Lemma [7 . 1 31 with X := H^ 1 ^ 2 (dVl), Xo := H°(dQ), 
2J := H 1 / 2 (dVt) and 2}' := H~ z / 2 (dVt). Denote by J the embedding operator, 

J : H°(dQ) = L 2 (dtt) — > H- 1 ' 2 (dVt), Jf = f. (7.30) 

Since dom (if) C JL 2 (d£l), we can set 

K Q := KJ : H°(dn) — > H- 3/2 (dfl), 
dom(/v ) := {/ G H°(dn) : Jf G dom (If)}. 

Clearly, A (z) = A_i (z)J, dom(A (z)) := JH°(dfl), and 

K'o :=K \dom(K„), 
dom(^ ) := {/ G dom(K ) : (K - A o (0))/ G ii 1/2 (cK))}. 

Clearly, K' = K'J : L 2 (dQ) — ► i/- 3 / 2 (dO). 

Now we are in position to state the first main result of this section. 

Proposition 7.14. Let the assumptions of Theorem \7.12\ be satisfied. Further, 
let G p(Ao) H p(Ax)- Then the following holds: 

(i) For any z G p(A K ) n p(Ao) the operator K' - A_i(z) : H~ l l 2 (d£l) — ► 
iJ 1 / 2 (90) is boundedly invertible and 

(K'-A ijz))- 1 G S2 X 2(H 1/2 (dn),H~ 1/2 (dn)). (7.31) 

In particular, if n = 2 then 

(K' - A_x(z))- 1 G G 1 (H 1 / 2 (dn),H- 1 / 2 (dn)). (7.32) 

(ii) Let n = 2. Then the boundary triplet II = {'H,—Ti,To}, where 
H '■= L 2 (dfl) and ro,ri are given by (|7.18[) , is regular for the pair {A, Aq}, 
{Ak,Aq} G D u , and the perturbation determinant A 1 - ~ (•) is 



A !W 2 ) = de Vi (^-(^-A-i^-^A^^-A.^O))) 
= dew (/ - (A_i(z) A_, (0))^ - A_i (0))" 1 ) 



(7.33) 
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where z G p(ijf)fl p(Aq). 

(iii) Let n = 2. Then (A (z) - A (0))(/^ - Ao(O))- 1 £ e^ff 1 / 2 ^)) and i/ie 
perturbation determinant A 1 - (•) admits the representation 

A| WAo (z) = det HVJ (/- (A (z) - A o (0))(K' Ao(O))- 1 ) . (7.34) 

Froo/. (i) By Proposition \2l>\i), <G p(B K - M(z)) for any z G p(ljf) fl 
p(Ao). Moreover, combining Proposition 12.61 with Theorem 17. 121 we get (Bk — 
M(z))- 1 G S-2^(H°(dn)). Combining this fact with ^TTj\ we obtain 

(B K - M(z))- 1 

= (I- Agfa) -1 / 4 (if' - A_i {z))-\l - A an )- 1/4 e S^(tf (3ft)). 

Since (I - A^)" 1 / 4 isomorphically maps iJ s (<9ft) onto H s+1 ' 2 {dVl) for set 
we arrive at (|7.31[) . Further, for n = 2 inclusion (|7.31[) implies 

(#'- a.i^))- 1 eS2(H 1/2 {dn),H~ 1/2 (dn)) c 6i(i/ 1/2 (ao),i/- 1/2 (ar!)). 

This proves the last statement. 

(ii) By Theorem[LT2j (A K - z)^ 1 - (A - z)- 1 G 6i(L 2 (ft)) since n = 2. 
Further, by Proposition [23Ji) , the condition G p(Aq) P\ p(Ak) is equivalent 
to G p(Bk — Af(0)) = p(Bk)- By Proposition I4.9f iii). a boundary triplet 
n = {'Hj—TijTo} is regular for the pair {A K ,A n }, hence {A^,A } G D n , 
and the perturbation determinant A 1 ! (•) is given by (|4. 17[) with fi = and 

constant c = 1 (see formula (|4.18|l ). Inserting in this expression formulas (|7.21|) 
and (|7.26[) we arrive at the following formula for the determinant 

det H o (/-(/- Aan^HK' - A_ x (0))^ 1 (A_ x (z) - A_x (0))(J - A 9f2 ) 1/4 ) 

for 2 G p{ Ak) n p(Ao). Further, according to Proposition 17. 5f ii). A_i(z) — 
A_i(0) G [H- 1 / 2 (dn),H 1 ^ 2 (dn)}. Combining this inclusion with ([732"|) we get 
T 2 {z) G &i(H a {d£l),H- l / 2 (d£l)) where 

T 2 (z) := (if'-A_i(0))- 1 (A_i(z)-A_i(0))(I-A 9f2 ) 1 / 4 , z G p{A K )n P (A ). 

Noting that Ti = (I - A a n)~ 1/4 isomorphically maps H~ 1 /' 2 {dQ) onto H°(dn) 
we see that T 2 (z)T 1 is well defined and T 2 (z)T 1 G ©iCtf" 1 / 2 ^)). Moreover, 
due to the inclusion (f7732|l . T\T 2 {z) G 6i(-ff°(dfi)). Taking both last inclusions 
into account and applying (| A. 1 1) we arrive at the equality 

a " kMo ( z ) = det i2(0n) (7 - TiT 2 (z)) = c det H - I/a(an) (J - T 2 (z)T 1 ) 
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coinciding with the first identity in (|7.33[) . The second identity in (|7.33[) is 
implied by combining the first one with the property (|A.1[) . Note that the 
applicability of (|A.1[) is possible due to inclusion (|7.32[) and Proposition 17. 5f ii). 

(iii) By Lemma EH the operator (K' - Ao(O))- 1 : #V2(0fi) — > L 2 {dVt) 
is bounded and 

(K' -A_i(Q))- 1 =J(K' -A (0))- 1 . zep(A K )np(A ). (7.35) 

Combining this formula with (j73^) wc get J(K' — A o (0)) _1 G ei{H^ 2 (dCl)). 
Therefore inserting (|7.35|) into the second formula in (|7.33[) we get 

a| WAq (z) = c det H x /2 (/ - (A_i(z) - A_x (0)) J{K' - A^y 1 ) . 

To arrive at (|7.34j) it remains to note that A_i(z)J = Aq(z). □ 

Combining the chain rule 14.91 with Proposition 17.141 one arrives at the fol- 
lowing statement. 

Corollary 7.15. Assume the Hypothesis \7.S\ Let Aq := Aq and G 

p(Ag ) ■ Further, let Kj : H~ 1 / 2 (dfl) — > H~ 3 / 2 (dQ) be an operator satisfying 
dom (Kj) C L 2 (dn) and van. {Kj) C L 2 (dVi), and let Aj := A Kj , j £ {1,2}. 

Assume also that £ p(Ao) H p(Axj), j £ {1|2}. Then the boundary triplet 
II = {ft,-ri,r } for A max with H := L 2 (dVl) and T ,Y X given by ([7TT51) . is 
regular for the family {A^ 11 Ak 2 ,A }, and the perturbation determinant is 



det H _ 4 (i- (K> 2 -A x(0) A_j (z -A_j(0) ) 

A L/4> = ) ; — ~j~ — ! — f, (7-36) 

t H - i (/ - A- - A_ x (0) A_ x (z) - A_ x (0) ) 



det 



2 6 / 9(A Xl )n / 9(A K2 )n j o(A ). 

Our next goal is to show that under additional restrictions on K the per- 
turbation determinant A 1 - (•) can be computed in L 2 (dil). To this end we 
introduce the operator-valued function Aq,o( - ) : L 2 (dVl) — > L 2 (dil) by setting 



Ao,o(aO :=Ao(z) \ dom (A , (z)), 
dom(A , (z)) := {/ G dom(A (z)) : A„(z)/ G L 2 (cK))} 



(7.37) 



Lemma 7.16. Le£ G p( A G() ). TTien 

dom(A .o(z)) = H\dSl), z £ p(A Go ), (7.38) 

and, for any z £ p(A Go ) fl the operator (Aq i q(z))~ 1 exits and satisfies 

(A ,o(z)) _1 G S 1 (H°(dft)). Moreover, ifO £ p(A Go )f]p(A Gl ), then the opera- 
tor Aq,o(0) is selfadjoint, has discrete spectrum, and (Aq^O))" 1 G S%(H (dCl)). 
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Proof. It follows from Definition ITU that dom (A o ,o(0) 2 ^(dfl). Let us 
prove the equality (|7.38p . Since both realizations A Ga and A Gl are self- 
adjoint, p(A Go ) D p(A Gl ) D C±. Let z G p(A Gn ) f] p(A Gl ). Then 
dom (Ax (z)) = H 1 (dil) and Ax isomorphically maps i? 1 (9r2) onto H°(dCl) (see 
[551 Theorem 5.2]). Since Ao j o(^)^ = Ai(z)/i for /i G H 1 (dH.) we conclude that 
dom(A 0i0 (z)) = H^dft) and'ran(A , (z)) = H Q (dn). 

Next let xq = xo <E p{ A Go ) \ p{ A Gl ) . We cam assume without loss of 
generality that xq = 0. Otherwise we replace the expression A by A—xqI. Then, 
by Proposition O the difference T(z) := A_i (z) - A_i(0): /f" 1 / 2 ^) -> 

H 1 / 2 (dfl) is bounded. Hence the difference Aq^(z) — Ao,o(0) being a restriction 
of T(z) is bounded in H°(dQ) and dom (A ,o'(0)) = dom(A , (z)) = H 1 ^) 
for 2 G /9(A Go ). Further, since ran (A ,o(z)) _1 ) = ^(dfl) for z e p(4 G „) n 
p(l Gl ), we have (A , (z))- 1 e ^(if ^)). 

Clearly, for any xq = xq € p(Ag ) the operator Ao,o(^o) is symmetric. 
If, in addition, xo € ^AgJ, then the operator Ao i o(^o) is selfadjoint since 
ran (A 0j o(xo)) = H°(dCl). If e /jfigj \ p( igj, then the self-adjointness of 
Ao,o(0) is implied by the self-adjointness of Ao,o(a?o) with xq = xq G p(A Go ) n 
p(A Gl ) and the boundedness of A 0i o(xo) — A ,o(0) in H°(dfl). 

Further, since the boundary <9f2 is compact, the spectrum of Ao,o(0) is dis- 
crete. Moreover, since by ([7T38]) . ran (A ,o(z)) _1 ) = H 1 (dn)) for p(i Go ) n 
p(A Gl ), we have (A , (z))^ 1 e 5x(if°(90)). □ 

Proposition 7.17. Assume the Hypothesis \ 7.2\ Let K : H~ 1/2 (dQ) — > 
H~ s / 2 (dfl) be an operator satisfying dom (K) C L 2 (dfl) and ran (K) C L 2 (dQ). 
Assume also that € p( A Go ) n p(A Gl ) n p(A k) and 

K Q := KJ : L 2 (dn) — > L 2 {dVL), dom (K) = Jdom (K ), (7.39) 

where J is the embedding operator given by (|7.30|) . If K o is relatively compact 
with respect to Ao ; o(0); then 

(Ao,o(z)-A o ,o(0))(A > o- Ao.oWr 1 ^Si(H°(dn)) C 6i(H°(dQ)), (7.40) 

z G p(A/f) n yo(^4 Go ), and i/ie perturbation determinant A 1 - (•) given by 
(I7.33[) admits the representation 

A L/a ( z ) = deti2 (Ao,o(^) - A ,o(0))(A'o - Aco^r 1 ) - (7-41) 

/or z £ p(j4x) n p( A Gg ). In particular, representation (|7.4ip /io/<is whenever 
K is bounded, i.e. K € [H°(dQ)]. 

Proof, (i) Let us prove the inclusion (f7~4T>|) . According to (jT2"0]) , A o (z)-A o (0) : 
H°(dQ) — > #V2(3fi). Hence 

A o (z)-Ao(0) e52(fl W), z e p(A ). (7.42) 
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Further, by definition (|730|) . J* continuously embeds ^^(dfl) into L 2 (dty. 
Therefore 

J*(A (2()-Ao(0))/i=(Ao,o(*)-Ao,o(0))/i, heH^dn). (7.43) 

Combining relations ([713)1 and (|7~j2]) . using J* G S 2 (H 1 / 2 ,H°) and taking 
property (|7.28[) into account we obtain 

Ao,o(z) - A o ,o(0) eSi(-ff o (0fi)), zep(Ap). (7.44) 

On the other hand, by Lemma l7.16l the operator Ao,o(0) is selfadjoint, and due to 
the assumption G p( A Gl ), A OjO (0) is invertible and (A OiO (0)) _1 € S 1 (H°(dft)). 

Further, by Proposition I7.10f iv) the inclusion G p( Ak ) is equivalent to 
the inclusion e p(K - A ,o(0)). Hence G p(l - A o(A 0: o(0)) _1 ) . Thus, the 
inverse operator (/ - Ko(Ao,o(0))^) _1 G [H°(dfl)] and 

(A - A 0: o(0)) _1 = - (Ao.otO))" 1 (j - ^(Ao.oCO))" 1 )" 1 G S^H^dQ)). 

Using (|7.44|) and taking into account (|7.28[) we arrive at (|7.40[) . 

(ii) In this step we prove formula (|7.41|) . Since ran (A') C L 2 (dfl), the 
operator K = KJ : H°(dQ) — > H- 3 / 2 (dQ) satisfies ran(A ) C L 2 (dVL). 
However, we distinguish it from the operator Kq defined by (|7.39p . Since 
dom(A ) = dom(A ) and ran(A ) C L 2 (dtt), one gets from definition (|7.24[) 
and (j?37j) 

dom (Kq) := {h G dom (A ) n H 1 (dQ) : K h - A o , Q (0)h G i? 1/2 (<9n)}, 

and in accordance with (|7.30|) 

J*(K' Q - A o (0))/i = (A - A o , o (0))/i, h G dom(A^). (7.45) 

Clearly, J*(K' Q — A o (0)) C A — A Oi o(0) (in fact, the inclusion is always strict). Why? 
Since Kq is relatively compact with respect to Ao,o(0), dom(Ao — Ao.o(0)) = 
dom (A ,o(0)). Moreover, since G p(A Ko ) and dom (A') C H°(dQ), Proposi- 
tion ETO^iv) yields ran(A£ - A o (0)) = ran (A' - A_i(0)) = H 1 / 2 (dfl). Hence 

the range ran(A — Ao,o(0)) is dense in H°(dQ). 

On the other hand, by Lemma \7. 161 the operator Ao,o(0) is selfadjoint and 
its spectrum is discrete. In particular, A Oj o(0) is a Fredholm operator with zero 
index. In turn, since A is A 0j o(0)-compact, the operator A — A Oi o(0) is also 
Fredholm operator with zero index [371 Theorem 4.5.26] (in fact, it has discrete 
spectrum too). Therefore the range ran (Kq — Ao.o(0)) is closed and being dense 
in H°(dQ,), coincides with H°(dfl). Since ind(A - A ,o(0)) = 0, the latter is 
equivalent to G p(K — A 0i o(0)). From Lemma 17.131 we get the existence of 
(K' f - Ao(O))- 1 : H l / 2 (dVt) — > H°(dQ). Combining this fact with fT45]) we 
find 

(A - A o ,o(0))- 1 J* = (Kq - Ao(O))- 1 (7.46) 
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Inserting (|7.46[) into (|7.34[) we obtain 

a !wa ( z ) = c dct « i/2 ( 7 ~ (Ao(z) ~ A °(°))(^° - Vowr 1 •/*) • 

Using (|7.40[) we get by the cyclicity property (see (|A.1[) ) that 

^A k /aS z ) = c det ^° ( J - J *( A oW - Ao(0))(X o - AcolO))- 1 ) , 

z e p(A k)(~)p(Ao). Combining this identity with (|7.43|) wc arrive at (|7.41[) . □ 

Corollary 7.18. Assume the Hypothesis \7J% Let K } : ff" 1 / 2 ^) — > 
H~ 3 / 2 (dfl) be an operator satisfying dom (Kj) C L 2 (dQ) and rein(Kj) C 
L 2 (dU), j G {1, 2}. Further, let e p( A Go ) n p(A Gl ) (1 p( A Kj ), and 

K jfi := K 3 J : L 2 {dfl) — > L 2 (<90), dom (A'j) = Jdom ( K ), j G {1, 2}. 



// i/ie operator Kj o is relatively compact with respect to Ao i o(0), then the per- 
turbation determinant A 1 - - (•) given by (|7.36[) admits the representation 

det L 2 (/- (Ao l0 (*)-Ao,o(0))(£a,o - A o . o (0)) _1 ) 

A 1 ! - (z) = ^ - ■ ■ ■ - ^~ 

A * a/AKl dct i2 (/- (Ao, (z)-A o ,o(0))(K 1 ,o -Ao.oW)" 1 )' 

for zep(A K2 )n p{ A Kl )np(A Go ). 

Proof. The proof is immediate by combining Corollary 17.151 with Proposition 
EUl □ 

Consider Robin-type realizations 

A a := Anax \ dom ( Act), 

dom(l CT ) := {/ G H 2 {n) : d/ = aG f}. 

It follows from the classical a priory estimate (see [H Theorem 15.2]) that the 
realization A a is closed whenever er G C 2 (<9i7). Moreover, in this case p{ A a ) ^ 
and A a is selfadjoint whenever er is real. 

Corollary 7.19. Assume the conditions of Proposition \7A7\ Let a G C 2 (<9S1) 
and Zei cr denote the multiplication operator induced by a in L 2 (dfl). If G 
jo( Ac ) n p{ Ac a ) H p( A Gl ), i^en tte boundary triplet II = {%, — Fi, To} given 
in Proposition \ 7. 14\ is regular for the pair {A a , A Ga } , { A a , Aq } G D u , and 
the corresponding perturbation determinant A 1 ! (•) is 

A I„/a ( z ) = dct ^ 2 (^) (J-(Ao,o(«)-Ao, o (0))(S - Ao.oCO))" 1 ) , 
ze p{A a )np(A Go ). 
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Proof. Setting K = a and noting that a £ C 2 (f2) we easily get from p. Ill) 



dom(K- A_ 1/2 (0)) = dom(K) =dom(d) C ran(G ) = H 3/2 (dty. 

Since A 3 / 2 (0) is a restriction of A_i/ 2 (0) one gets from (|7.17p that 
ran(A_ 1/2 (0) \ H^ 2 (dfl)) C H^dQ). Further, the assumption a € C 2 (fl) 
yields ran (K \ H 3 / 2 {d£l)) C H 3 / 2 (dn). Combing these inclusions we arrive at 
the regularity property ran (K - A_ 1/2 (0)) C i7 1/2 (<9ft) (see |[7I22jl ). 

Hence K' = K (sec definition (|7.24|l ) and dom(Ajf) = dom(A a ). More- 
over, since dom(K), ran (if) C H 3 ' 2 (dfl), then according to (|7.39[) . K = a. 
Finally, since Kq = £ [H a (dfl)], one completes the proof by applying Propo- 
sition [LIT] □ 

Appendix 

A Infinite determinants 

Let us briefly recall the definition of determinants and their basic properties 
following [35]. 

Definition A.l. Let T be a trace class operator, i.e. T £ &i(H), and let 
{Xj(T)}°^ 1 be its eigenvalues counted with respect to their algebraic multiplic- 
ity. The determinant det(J + T) is defined by det(7 + T) := IL^l + Xj(T)). 

The perturbation determinant has the following interesting properties. 

Proposition A.2 ([3j Section 4.1]). Let T x £ \Hi,U 2 ] and T 2 £ [U 2 ,Hi]. 

(i) //TiT 2 e 6iCH 2 ) andT 2 T 1 £ &i(Hi), then 

det n2 {I + TyTi) = det Wl (l + T 2 T X ). (A.l) 

(ii) IfH :=Ui = U 2 andT x ,T 2 e 6i(H), then 

det[(J + Ti)(7 + T 2 )] = det(7 + T x ) • det(J + T 2 ). (A.2) 

(hi) IfTe &i(H), then 

det(I + T*) = det(I + T). 
For technical reasons we need a slightly improved version of the property 

Lemma A. 3. Let T = T* > such that £ ^(T 1 )- Further, let C be linear 
operator such that dom(C) D ran(T). IfT^C £ &i(Sj) and CT" 1 £ 6i(3), 

det(J + T^C) = det(I + CT^ 1 ). (A.3) 
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Proof. Let A = A* be a bounded operator such that \\K\\ < inf cr(T) In this case 
we have T + A > and £ p{T + A). Moreover, we find (T + K)~ 1 C £ 6i(3) 
and C(P + K)^ 1 £ &i(Sj). Both relations immediately follow from the identities 

(T + K)- 1 = (7 - (T + K)- 1 ^- 1 = T-^I - K(T + A') -1 ) 

Moreover, if {if„}„gN is a sequence of selfadjoint bounded operators such 
sup„ ||7v„j < inf a(T) and lim^oo ||A'„| = 0, then 

lim dct(7 + (T + A'„) _1 C) = det(7 + T _1 C) (A.4) 

and 

lim dct(7 + C(T + A„) _1 ) = det(7 + CT' 1 ). (A.5) 

n— > oo 

For any e <E (0,infcr(T)) there is a Hilbert-Schmidt operator K e such that 
||A e ||g 2 < e and T + K e has pure point spectrum. Let A„, n £ N, be an 
enumeration of the eigenvalues of T + K e where without loss of generality we 
may assume that the eigenvalues are simple. Let P m the orthogonal projection 
onto the subspace which is spanned by the first m-eigenspaces. Obviously, we 
have s - hm r7WOO P rn = I and (T + K e )P m = P m (T + K e ), m £ N. We find 



dot (7 + C(T + A)" 1 ). 



det(7+(T + A S )- X C 
which yields 

det(7 + (T + K £ )- l C) = dct(7 + C(T + A',)" 1 ). 
Choosing a sequence {e n }n6N, > 0, which tends to zero as n — > oo we get 

det(7+ (T + A.J-iC) = det(7 + C(T + 7i £ J- 1 ). 
for each n £ N. Taking into account (|A.4[) and (|A.5|) wc verify (|A.3I) . □ 

Corollary A.4. Let T be a densely defined closed symmetric operator such that 
£ p(T). Further, let C be a linear operator such that dom (C) 2 ran(T). If 
T~ X C £ 6i(£) and CP- 1 £ &i(Sj), then 

dct(7 + P^MJ) =dct(7 + CT _1 ). (A.6) 



s - lim det(7 + (P + ]f e )- 1 P m C) = 

n— »-oo 

s - lim det(7 + P m C(P + A £ ) _1 ) = 

and 

s - lim det(7 + (T + A E ) _1 P m C) = 

n— »-oo 

s - lim dot (7 + P m (P + A^-iC) = 

n— foo 
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Proof. By the polar decomposition we have T* = U\T*\ where U is unitary. 
Hence, T" 1 = U\T*\-\ Since U*T- X C = \T*\- X C one has \f^C G ©i(J5). 
From CT" 1 = C\T*\^ G ©i(^) where C* = C77. Obviously we find 

det(J + T- X C) = defc(J + [/IT*!"^) = det(J + \T* ^C) 



Applying Lemma we get det(J + ^^C) = det(I + ClT*^ 1 ) which yields 



B Perturbation determinant and their proper- 
ties 

Let us summarize some important properties of perturbation determinants for 
additive perturbations A H i/ H (-), cf. (65j Section 8.1] and [9l 132]. 

Definition B.l ([32j Chapter 1.2]). 

(i) A vector <p G ft \ {0} is called a root vector of a closed operator T G 
C(i)) corresponding to its eigenvalue Ao G o~ p (T) if there exists n G N such 
that (T - A )> = 0. The closure of the set £' Ao (T) of all root vectors of T 
corresponding to Ao is called the root subspace. 



£ Ao (T) = £' Ao (T), £' Ao (T) = {/ e -8 : (T — Ao)™/ = for some n £ N}. 



(ii) The dimension m = m Ao (A) = dim£ Ao (A) is called the algebraic multi- 
plicity of Aq. 

(iii) An eigenvalue Ao G <J P (T) is called a normal eigenvalue of T if it is isolated 
and its algebraic multiplicity m Ao (T) is finite, m Ao (T) < oo. 

If mo < oo, then £' Xg (A) is closed and = £\ (A) is closed. An isolated 
eigenvalue Ao G o- p {T) is a normal one if and only if 



We set m Ao (T) = 0, if z is regular, i.e. z € p(T). 

Further, if the function /(•) is analytic in a punctured neighborhood of 
Zo(G C) and Zq is not an essential singularity of it, then the order ord (f{zo)) of 
/(•) at zq G C is the integer k E Z in the representation f(z) = (z — zo) fe g(.z) 
where </(,z) is analytic at zq and g(zo) ^ 0, [32j Chapter IV. 3]. 

If H' and 77 are densely defined closed operators in the Hilbert space S) such 
that {H',H} G 2), then the perturbation determinant defined by (jl.ip has the 
following properties: 



and 



det(/ + CT- 1 ) = det(I + CIT*]- 1 ). 



□ 
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1. If H'. H £ 61 (fl), then {H',H} £ D and 

, , det(J - z- x H') , . . . , 

A ^)= dflt ( J - g - lg ) » ^p(fl)\{0}. (B.l) 



2. If {H",H'} £ S and {H\H} £ ID, then {H",H} £ ID and the following 
chain rule holds 

A i? »,^(z)A^,^(z) = Ajj'',.ff(z), z£ p{H')C\(H). (B.2) 

3. If {#',#} G 2), then £ £ and A H , /H {z)A H/w (z) = 1 for 2 G 

P (H')n P (H). 

4. If {H', H} £ ID and z is either a common regular point or a normal eigen- 
value of both H' and H of algebraic multiplicities m z (H') and m z (H), 
then ord(AH7ff(z)) = m z {H') - m z {H). 

5. If {H',H} £ ID, then 
1 d 



A^/^z)- 1 = (B.3) 
tr ((if - z)- 1 - (if' - z)" 1 ), z G /?(#') n 

6. If G S and {H'*,H*} £ ID, then A H „ /H ,(z) = A H , /H (z) for 
z G p(ff). 

7. If {if, if} G ID, then the following identity holds 



A H '/h{z) 



dot (i + (*-c)(ir-c)-H'(ir-z)- 1 ) 



A HVJ? (C) 
z G p(iT) and C G p(iJ') n 

C Logarithm 

In the following we need the definition of the logarithm log(z) of a complex 
number z £ C. We shall define the logarithm by 

/>oo 

log(z) :=-i ({z + iX)- 1 - (1 + iX)- 1 ) d\, z£C + \-iR+, (C.l) 

with a cut along the negative imaginary semi-axis. One proves that 
log(e 2 ) = z, e z £ C+ \ -«+, 

which yields 

e log ^ = z, z G C+ \ -iR+. 
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Let /(•) and g(-) be holomorphic functions in a domain satisfying f(z) ^ 
and f{z) = e 9 ^ z \ Then for a neighborhood O of a fixed point Zq G Q such that 
f(zo) does not belong to the negative imaginary semi-axis one has 

log(/(») = g(z) + 2nni, zeO, n G Z. 

By analytical continuation this equality can be extended to the whole f2. Using 
definition (|C.1I) we find 

Furthermore, we need the definition of the logarithm of a dissipative operator 
G given in [26]. Let a G be a bounded dissipative operator such that G p(G). 
Then we set 

/•OO 

log(G) :=-»/ ((G + iA) -1 - (l + iA) _1 )dA (C.2) 
Jo 

where the integral is understood in the operator norm. One proves that 
e log(G) = Gj cf pgj Lemma 2.5(e)]. Moreover, from [26l Lemma 2.6] we find 
< Im (log(G)) < irl. If G G 6i(£) and dissipative, then log(J + G) G &i{Sj). 
Moreover, one gets 

det(/ + G) = e tI '( 1 °s(^+G)) ; G e g^jj), (c.3) 



D Holomorphic functions in C + 

A holomorphic function F + (-) in C+ belongs to F+(-) G H°°(C + ) if 
sup 2gC+ |F + (z)| < oo. Let {-z^}/c(en(c C+) be the set of its zeros and 
the corresponding multiplicities. It is well known (see for instance [38l Section 
VI C]) that the set of zeros satisfy the condition 

ym k Tm(z+) 

V 1 + I4l 2 

If the sequence {a^}fc e N C K is chosen such that e la i (i — z£)(i — z^)^ 1 > 0, 
k G N, then the corresponding Blaschkc product 



z ~4 



converges uniformly on compact subsets of C+. 

Moreover, F+(-) admits (see [351 Section VI C]) the following representation 

F + (z) = x + B+(z)eiq>U J (^--J-^jdfi+itAe^, (D.3) 
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z G C+, where x + G T, a + > and is a non-decreasing function on R 

generating a non-negative Borel measure and satisfying 

dfj,+ (t) < oo. (D.4) 



1 + t 2 



If F + {z) has no zeros in C + , the Blaschke product £>+(•) in (|D.3[) is missing. 
Let // + = + be the Lebesgue decomposition of fi + , where /x+ and /z+ c 
are the singular and the absolutely continuous measures, respectively. Setting 



1 t \ , , ,,,1 (D.5) 



fif, + (*) :=ex P ^- / ( _ - , W t) 



where a + > and 

i 



G F+{Z ) := oxp |- ^ ^_ - _ j W(t ) J , , e C +1 

one gets the unique factorization -F+(z) = (z), z G C+, where 

x+ G T and 7f + (z) and Of + (z) are the inner and the outer factors, respectively. 
Note, that \I F+ (t + i0)\ = 1, \0 F+ (t +i0)\ = \F+(t + i0)\ for a.e. t G R and 
dfj,+ (t) = -ln(|F + (£ + iO)\)dt. Note, that F+(-) is an outer function in C+, if 
and only if it admits the representation 

F + (^) = x + exp|-l^r^- I -^)ln(|F + (t + iO)|)di|, z G C+. 

(D.6) 

Clearly, F+(i) is real, if and only if >t + = 1. 

A holomorphic function F belongs to the Smirnov class A/" + (C+) if it admits 
the representation F = F + /G where F +1 G G H°°(C+) and G is an outer 
function. Any function F G Af + (<C+) admits the representation 



F(z) =xB + (z)exp{- / ( T ^—-- 



t 



+ t 



expi-- I I : ? I h(t)dt>e"", ze 



d» s +(t)}x 

(D.7) 



where x G T, a > 0, is a non-negative Borel measure, which is singular 

with respect to the Lebesgue measure, and h G L X (R, j^dt). Using (|D.7|) one 
easily verifies that the i?°°(C+)-functions F+ and G can be chosen contractive. 
Indeed, let r){t) := xasx.{h{t),0} > 0, t G R, and k(t) := r)(t) - h(t) > 0, t G R. 
Notice that = 7/(i) - fc(i), f G R. Setting d/U+O) := dfx s + (-) + k(-)dt, 

F+(z) := *B + (z) CX P ^ - YT^) d ^ t) } e< ~ Z G C +' 

and 

G(z):=exp {ii(^"TT^)^4 zeC +< 
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we define contractive analytic functions, where G is an outer function, such that 
F = F + /G. Summing up we have proved the following lemma. 

Lemma D.l. If F G Af + (C+), then there exists a non-negative Borel mea- 
sure satisfying J R ^rff dt < oo and a non-negative function r]{-) G 
i^QR, YTjs dt) as well as constants x E T and a > such that the represen- 
tation 

F( Z) = ,B + (,)e X p{i I - ^) M t)} (D.8) 

holds where dfi(-) = d/i+(-) — n(-)dt. 



E On H\B) functions 



Let D := {w G C : \w\ < 1}. By ln(-) we denote a branch of the logarithm such 
that ln{z) G K for z G R+ and Im(ln(z)) G (-• 7r/2,7r/2) for Re (z) > 0. 

Lemma E.l. Lei H(w) be a holomorphic function in D smc/j i/iai Re (H(w)) > 
/or w e D. Lei G(w) := ln(l + #(w)) /or to G D. TTiera G(w) G H 1 (D) and 
the following estimate holds 



0< f Re(G{e ie )d9 <2ir\H(0)\. 

J —TV 



(E.l) 



Proof. Obviously we have |Im(G(tu))| < 7r/2, w G D. Furthermore, we have 
G (°) = TT" / G{re ie )d6, r G (0, 1), 



2tt _ 
which yields 

27rRe(G(0))= f Rc(G(re lf, ))d6>. 

Since Re (G(re i9 )) > we obtain 

||G|| ff i < 2ttRc (G(0)) + 7T 2 
which yields G G if 1 (ID). In particular, we have 

\\G R \\ L i =2ttG r (0), G r (w) = Re(G(w)), «; G D. (E.2) 
Using the estimate Re (G(0)) = lnfll + H(0)\) < \H(0)\ we arrive at l(El|l . □ 
The result can be carried over to upper half-plane. 

Corollary E.2. Let h(z), z G C+, be a holomorphic function such that 
Re(h(z)) > for z G C+. Let g(z) := ln(l + h(z)) for z G C+. Then the 
following estimate 

dx 
\ + x 2 



\g{x + iQ)\^—t<2it\h(i)\ (E.3) 



is valid where g{x + iO) := lim^o g(x + iy). 
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Proof. We set 

H(w) :=h(i^ 
\ 1 — w 

and 

G(w) := lnfl + H(w)) = In ( 1 + ft | | = 5 ( t^-^ 

\ \ 1 — w J J \ 1 — w 

Since 

|G(e ie )|d0 = / |<?(* + iO)| 



1 + a; 2 

and = H(0) we obtain (|R3| from ([ETT]) . □ 

F Riesz-Dunford functional calculus 

Let T be a densely defined closed operator. We say the function $ belongs to 
the class J-(T) if there is a a simple closed curve T in C which does not intersect 
the real axis such that 

(i) its open exterior domain f2p xt contains the spectra of T and 



(ii) there is a neighborhood O of the closed set Op xt such that $ is holomorphic 
in O including infinity. 

We note that if p(T) is not empty, then the class -F(T) is not an empty too. In 
this case one defines $(T) by 

$(T) := $(00)/ + — / $(z)(T - zY^dz (F.l) 
2m J r 

where the integral ^ r is taken in mathematical positive sense with respect to 
open inner domain f2p, see [2TJ Section VII. 9]. We note that 

$(£) = *(oo) - / ^-dz, tenr, (F.2) 

ZTTt J r Z — t, 

Since 

j> \®{z)\ \dz\ < 00 (F.3) 

the integral <f r $>(z)dz is well-defined. Hence the residuum reSoo($), $ € F(T), 
is well defined by 

rc Soo ($) := -— / <S>(z)dz (F.4) 
2m J T 



Since the curve V does not intersect the real axis, we get from (|F.2[) and (|F.3|) 
that sup tgR (l + i 2 )|$'(£)| < 00 for $ G J~(T). Therefore, if 1/ is a complex-valued 
Borel measure satisfying J R j^\dv(t)\ < 00, then 

\&(t)\\dv(t)\ < 00 
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which guarantees the existence of the integral J R §'{t)dv(t) and 

L mMt) = ~hi (1 w^v*®) dz (R5) 

for <f> G ^(T) provided v satisfies J R j^i\du{t)\ < oo. 

Let T and T" be two densely defined closed operators. We set F(T,T') := 
•F(T) n F(T'), that is, there is a simple closed curve T such that f2p xt contains 
the spectra of both T and V. If p(T) n p(T') ^ 0, then J"(T, T') ^ 0. 

Lemma F.l. Let T and T' be two densely defined closed operators in $j such 
that p(T)np(T') y£ 0. If the condition {T - - (T - £ ©i(£) /or some 
£ G p(T)np(T'), then $(T') - $(T) G 6i(£) /or $ G F(T,T). 

Proof. Obviously we have 

d>(T') - $(T) = -L / $( Z )((T' - - (T — z)- 1 )^ 
which yields the estimate 

!|$(T') - $(T)|| 6l < sup 11(1" - z)- 1 - (T - z)- 1 !^ ^ / |*(*)||<fe| < oo 
which proves the assertion. □ 

G Root vectors 

Let T be an unbounded operator in If $ ip G ker ((T — A)™) for some A G C 
and n G N, then ^ is called a root vector of T belonging to A. The point A 
is necessarily an eigenvalue of T. The set of all root vectors belonging to A is 
denoted by Vt(A). The set Vt = Ua<=ct(t) Vt(A) is called the root vector system 
of T. If Vt is a total set, then the root vector system is called complete. 

Lemma G.l. Let T be a densely defined closed operator such that £ G p(T). 
The root vector system of T is complete if and only if the root vector system of 
R := (T — £) is complete. 

Proof. Using 

(i?-/irv = (-i)> n (T-o- n (T-A)"v, -" : =X37' ^ e ^ (G - 1} 

we get that ip G Vt(A) yields G Vr(h). Conversely, if tp G Vr(^), then 
= (i*- M) n V> = E (fcV"^' = ^ + E (?V _ *flV 

fc=0 ^ ' fc=l ^ ' 
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which implies 

k=0 V ' 

Hence, i/ 1 € dom(T), and 

^ = -flE L" /i-( fc+l )i? fe+l (T-A)v,. 

fe=0 ^ ' 

This yields 

n— 1 / \ 

^=-^E( A; !>" (fe+1) ^( r - A )^ 

and ^ G dom (T 2 ). If we proceed further in this way we finally get tp £ dom ((A— 
A)"). Applying again formula (|G.1[) we obtain tp G Vt(Ao). □ 

H The class C 

Let us briefly recall some basic concepts and facts on contractions following 
[ST]. In [HI] Nagy and Foias using theory of dilations have extended the Riesz- 
Dunford functional calculus for a contraction T to the class H^?(B) (see (rJTl 
Section 3.2] for precise definitions). If a contraction T is completely non-unitary, 
then Hf(p) = H°°(B) is just the Hardy class in the unit disc D. The extended 
functional calculus makes it possible to introduce concepts of Co-contractions 
and minimal annihilation function. 

Definition H.l (|5Tj). 

(i) A contraction T in is put in the class Cq. (Cq ) if s — linin^oo T n = 
(s-lim^oo T* n = 0). It is set C 00 := C n Cq.. 

(ii) It is said that a completely non-unitary operator T belongs to the class Cq 
if there exists a function u(-) € H°°(H)) \ {0} such that u(T) = 0. The function 
u(-) is called an annihilation function for T . 

(iii) An annihilation function Uq{-) is called minimal if it is a divisor in _ff°°(D) 
of any other annihilation function u(-) for T . 

It is well known that Co C Coo- Moreover, it is known [(TJJ Proposition 
3.4.4] that for any T € Co the minimal function exists and is unique up to a 
multiplicative constant. The minimal function is denoted by %(•). It is always 
an inner one. 

Alongside a m-dissipative operator D in Sj we consider its Cayley transform 

T := T D := (D - i)(D + iy 1 = I - 2i(D + i)" 1 . 

Clearly, To is a contraction. Moreover, Try is completely non-unitary if and 
only if D is completely non-selfadjoint. 
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For any function v(-) <G iJ°°(C+) and any completely non-selfadjoint m- 
dissipative operator D we set v(D) := v{Td) where 



H°°(B) 3 v(C) := 




C G D. 



We say the m-dissipative operator D belongs to the class Co. (Co, Co) if To 
belongs to Co- (resp. Co, Co). In other words, D e Co if it is completely non- 
selfadjoint and there is a function v(-) £ H°°(C+) such that v(D) = v(To) = 0. 
Clearly, there always exists a minimal function tbd(-) € i?°°(C+) which is an 
inner function. 
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